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Quasi-periodic oscillations

In very general circumstance it can be  thought as oscillations composed of two or more 

components which characterized by incommensurate frequencies.

In phase space the simplest type of 

self-oscillating corresponds to 

limit cycle

If we talk about quasiperiodci oscillations in 

phase space it would be correspond to

torus-attractor

Phase portraits

Time realization



Non-autonomous flow dynamical systems

The easies way to generate quasi-periodic oscillations is to add some external force on the 

model with limit cycle

Example: van der Pol oscillator with external force
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Non-autonomous flow dynamical systems
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B. Krauskopf, H. Mosinga. Investigating torus bifurcations in the forced Van der Pol oscillator
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Autonomous quasi-periodicity

Lorenz E.N. // Tellus. 1984. Vol. 36A. PP.98–110.
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Autonomous quasi-periodicity
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Generator of autonomous quasi-periodicity
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Principal scheme of generator

Model

Time scales of the model:
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Phase portrait

Time series
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Kuznetsov A.P., Kuznetsov S.P., Stankevich N.V. \\ Communications in Nonlinear Science and Numerical Simulations, 2010, No. 15, p. 1676.
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Generator of autonomous quasi-periodicity
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Generator of autonomous quasi-periodicity

Two-dimensional projections of co-existing attractors: quasi-periodic and two chaotic at 

λ=0, β=0.5, μ=0.9, ω0=2.373

Phase portraits of co-existing attractors

Poincare section

Bifurcation diagrams in the vicinity of the resonance of period 5 

for different initial conditions at λ=0, β=0.5, μ=0.9



Generator of autonomous quasi-periodicity

Co-existing phase portraits: 

quasiperiodic regime ans 

resonance of period-5 at λ=0, 

β=0.5, μ=0.9, ω0=2.412

Basin of attraction and it 

magnified fragment



Generator of autonomous quasi-periodicity

Scheme of generator of quasiperiodic oscillations Phase portrait

Time realization
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R is constant of integration

is controlling voltage on 

integrator



Generator of autonomous quasi-periodicity
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Chart of Lyapunov exponents
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A.P. Kuznetsov, S.P. Kuznetsov, E. Mosekilde and N.V. Stankevich. 

Generators of quasiperiodic oscillations with three-dimensional phase 

space. The European Physical Journal Special Topics, 222, 2013, No 

10, 2391-2398. 

http://epjst.epj.org/articles/epjst/abs/2013/16/epjst22210002/epjst22210002.html


Generator of autonomous quasi-periodicity

λ1 = λ2 = −1, β = 1/18, ω0 = 2π λ1 = λ2 =1.4, β = 1/25, ω0 = 2π



Generator of autonomous quasi-periodicity
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Modification of the generator without equilibrium:

Structure of the phase space, c=1
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Generator of autonomous quasi-periodicity

Bifurcation tree

Time series



Generator of autonomous quasi-periodicity

Generator of quasi-periodic oscillations with two equilibrium points

Bifurcation tree, μ=0.9, c=1 Basin of attraction of co-existing regimes:

Equilibrium point (blue);

Periodic (red);

Two-frequency torus (yellow);

Chaos (black);

Divergency (green)

Μ=0.9, ω0=2.17, c=1



Multi-frequency quasi-periodic oscillations

In very general circumstance it can be  thought as oscillations composed of two or more 

components which characterized by incommensurate frequencies.

Power spectrums

Time realizations

Phase portraits



Classification of chaotic attractors

Chaos generated by nonlinear dynamical systems was discovered in the first part of 20 century. 

Chaotic dynamics if fundamental property of nonlinear systems, which was observed almost all areas of 

science. During this time a lot investigations of different chaos properties were carried out, scenarios of 

formation chaos were described, a lot different dynamical models with chaos were suggested, and 

different approaches where dynamical chaos was used were developed. 

https://www.behance.net/gallery/7618879/Strange-Attractors



Lyapunov exponents

The simplest way to detect chaotic dynamics is to calculate the largest Lyapunov exponents. In 

dependence on the spectrum of Lyapunov exponents can be classified different types of oscillations:

- periodic oscillations (0, -, -, …);

-quasiperiodic oscillations (0, 0, …, 0, -, -, …)

-chaotic oscillations (+, 0, -, -, …)

-hyperchaotic oscillations (+, +, …, +, 0, -, -, …).

- chaos with additional zero Lyapunov exponents (+, 0, 0, …, 0, -, -, …)



Broer H., Simó C., Vitolo R. Bifurcations and strange attractors in the Lorenz-84 climate model with seasonal forcing. Nonlinearity, 

2002, vol. 15, no. 4, pp. 1205. DOI:10.1088/0951-7715/15/4/312

Broer H. W., VITOLO R., SIMÓ C. Quasi-periodic Hénon-like attractors in the Lorenz-84 climate model with seasonal forcing. 

EQUADIFF 2003, 2005, pp. 601-606. DOI:10.1142/9789812702067_0100

Broer H. W., Simó C., Vitolo R. Chaos and quasi-periodicity in diffeomorphisms of the solid torus. Discrete Contin. Dyn. Syst. Ser. B 

2010, vol. 14, no. 3, pp. 871-905. DOI: 10.3934/dcdsb.2010.14.871

Quasi-periodic Hénon-like attractor



Modified Anishchenko-Astakhov’s generator

Mathematical model

Anishchenko V.S., Nikolaev S.M. // Technical Physics Letters. 2005. V.31. № 10. P. 853-855.

Anishchenko, Nikolaev, Kurths // Phys.Rev.E 2007.
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Chart of Lyapunov exponents for model (1), γ=0.001, d=0.2



Modified Anishchenko-Astakhov’s generator

Zoomed fragments of the chart of Lyapunov exponents



Modified Anishchenko-Astakhov’s generator



Modified Anishchenko-Astakhov’s generator



Modified Anishchenko-Astakhov’s generator

Plots of the largest three Lyapunov exponents in dependence on the parameter g



Modified Anishchenko-Astakhov’s generator



Modified Anishchenko-Astakhov’s generator



Swollen shape type bifurcation

Sekikawa, M., Miyoshi, T., & Inaba, N. 

(2001). Successive torus doubling. IEEE 

Transactions on Circuits and Systems I: 

Fundamental Theory and Applications, 

48(1), 28-34.



Modified Anishchenko-Astakhov’s generator

Two-dimensional projections of phase portraits 

in Poincarè section, g=0.45



Two-mode van der Pol generator

Astakhov, O. V., Astakhov, S. V., Krakhovskaya, N. S., Astakhov, V. V., & Kurths, J. (2018). The emergence of 

multistability and chaos in a two-mode van der Pol generator versus different connection types of linear oscillators. 

Chaos: An Interdisciplinary Journal of Nonlinear Science, 28(6), 063118.
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Two-mode van der Pol generator



Two-mode van der Pol generator

p=0.9 



Two-mode van der Pol generator

p=0.65



Chart of Lyapunov exponents (a) and its zoomed fragment (b, c, 

d). ε = 4, b = 1, k = 0.02, β = 1/25, ω0 = 2π, λ1 = 1.4, λ2 = 1.4.

Dependence of the four largest Lyapunov exponents, ∆ = 4π
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Two coupled quasiperiodic generators
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ε = 4, b = 1, k = 0.02, β = 1/25, ω0 = 2π, λ1 = 1.4, λ2 = 1.4.

Three-torus destruction: double Poincaré section

Two coupled quasiperiodic generators



Two coupled quasiperiodic generators

Stankevich N.V., Shchegoleva N.A., Sataev I.R., Kuznetsov A.P. Three-dimensional torus breakdown and chaos with two zero 

Lyapunov exponents in coupled radio-physical generators Journal of Computational and Nonlinear Dynamics. 2020. Vol. 15, No.11, 

pp. 111001

https://asmedigitalcollection.asme.org/computationalnonlinear/article-abstract/doi/10.1115/1.4048025/1086031
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Five coupled van der Pol oscillators
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Δ Λ1 Λ2 Λ3 Λ4 Λ5

0.5 0.0075 0.0 0.0 -0.0038 -0.0124

0.61 0.0045 0.0002 0.0 -0.0001 -0.0049

1.2 0.0018 0.0 0.0 0.0 -0.0018

Five coupled van der Pol oscillators
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Increasing of number of frequencies



Increasing of number of frequencies

Kuznetsov A.P., Sedova Yu.V., 

Stankevich N.V. Coupled systems with 

quasi-periodic and chaotic 

dynamics. Chaos, Solitons & 

Fractals 169 №4, 2023, С. 113278.

https://www.sciencedirect.com/science/article/abs/pii/S0960077923001790


Hyperchaos associated with Shilnikov attractors 

in different applications
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Lyapunov exponents

The simplest way to detect chaotic dynamics is to calculate Enropy, or the largest 

Lyapunov exponents. In dependence on the spectrum of Lyapunov exponents can be classified 

different types of oscillations:

- periodic oscillations (0, -, -, …);

-quasiperiodic oscillations (0, 0, …, 0, -, -, …)

-chaotic oscillations (+, 0, -, -, …)

-chaos with additional zero LE (+, 0, …, 0, -, -, …).

-hyperchaotic oscillations (+, +, …, +, 0, -, -, …).

At the present in literature there is a lot examples of models with hyperchaos, but the 

question about scenarios of occurring hypechaos and chaos with additional zero LE is open. 



Lyapunov exponents and quasiperiodic bifurcations

Quasiperiodic saddle-node bifurcation

Quasiperiodic Hopf bifurcation

Bifurcation of torus doubling

Lyapunov 

exponents



The first example of the model with hyperchaos (O. Rössler, 1979)

Rossler, O. E. (1979). An equation for hyperchaos. Physics Letters A, 71(2-3), 155-157.

The simplest hyperchaos



Scenarios of birth of hyperchaos

The scenario of the birth of a hyperchaotic attractor is closely related to the scenario 

of the emergence of an infinite set of cycles with a multi-dimensional unstable 

manifold making up its skeleton. 

Period-doubling bifurcation for saddle cycle                  Neimark-Sacker bifurcation

Bifurcations leading to emergence cycles (n, 2) 

S(2,1) -> S(1,2) C(3,0) -> S(1,2)



Modified Anishchenko-Astakhov generator

Anishchenko V.S., Nikolaev S.M. // Technical Physics Letters. 

2005. V.31. № 10. P. 853-855.

Anishchenko, Nikolaev, Kurths // Phys.Rev.E 2007.

.)(

,

,

,3

gzx

z

xy

dxxymxx
































0,0

,0,1
)(,)()( 2

x

x
xIxxIx

(1)

Object of study: Radio-physical generator

Chart of Lyapunov exponents of the model (1), 

γ=0.001, d=0.2



Secondary Neimark-Sacker bifurcation

Two-dimensional projections of phase portraits in the 

Poincaré section by surface x=0 demonstrating main 

bifurcations in the system (1) at g = 0.25: a) Neimark-Sacker 

bifurcation, m = 0.095 (black dot), m = 0.097 (red invariant 

curve); b) synchronization on the torus, m = 0.106 (red 

invariant curve), m = 0.107 (black dots); c) secondary 

Neimark-Sacker bifurcation, m = 0.115 (black dots), 

m = 0.116 (red invariant curves).

Hierarchy of the limit cycles and tori

Cycle number: P4:T1:P1

Torus number: T4:P4:T1:P1



Formation of chaos and hyperchaos



g=0.236, γ=0.2, d=0.001

m=0.112, 

m=0.115, γ=0.2, d=0.001

Formation of chaos and hyperchaos



g=0.236, γ=0.2, d=0.001

Formation of chaos and hyperchaos



Phase portrait of the torus 

attractor 1*4*7*9*9*10T,

m=0.124457208289, 

g = 0.236, d = 0.2, γ = 0.001.

Formation of chaos and hyperchaos



g=0.236, γ=0.2, d=0.001

Formation of chaos and hyperchaos



g=0.236, γ=0.2, d=0.001

252-component 1*4*7*9H 

28-component 1*4*7H

a) m = 0.124457465; 

b) m = 0.12445748; 

c) m = 0.1244620. 

purple - period 252, blue - 504, 

green - 1008. purple is saddle-

focus of period 28.

Formation of chaos and hyperchaos
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Coupled neuron models

Stankevich N., Bobrovsky A., Shchegoleva N. Chaos and hyperchaos in two coupled identical Hindmarsh-Rose systems // Regular 

and chaotic dynamics. 2023. (submitted)



Coupled neuron models
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Coupled neuron models
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Coupled neuron models
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