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Preliminaries
Let f be a diffeomorphism of a manifoldM. A compact invariant set Λ of
f is called hyperbolic if there exist a Riemannian metric and constants
C > 0, λ ∈ (0,1) such that the tangent bundle admits a continuous
splitting

TΛM = Es ⊕ Eu

satisfying that

‖Df nv‖ 6 Cλn‖v‖ for any v ∈ Es and n > 0,

‖Df−nv‖ 6 Cλn‖v‖ for any v ∈ Eu and n > 0.

A diffeo f of a compact manifold is called hyperbolic (Axiom A) if
I its non-wondering set Ω(f ) is hyperbolic, and
I Ω(f ) = Per(f ).
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Smale’s Horseshoe
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Question
Are hyperbolic systems typical? Do they form a dense subset in
Diff(M)?

Observation: two simple objects preventing hyperbolicity
I a homoclinic tangency: a hyperbolic periodic point (saddle)

whose stable and unstable manifolds intersect non-transversely
I a heterodimensional cycle: two saddles of different indices (dim

of W u) such that their invariant manifolds intersect cyclically

Both objects are fragile,
but can be persistent.
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Persistence and robustness of HT/HDC
Hyperbolic sets depend on maps continuously

I there is a nhd U of f s.t. saddles in HT/HDC have continuations for
all g ∈ U

Can these continuations also have HT/HDC for all g ∈ U?

Kupka-Smale: there is a residue subset KS of Diff(M) such that for
each f ∈ KS, its periodic points are all hyperbolic and their invariant
manifolds intersect transversely.

I NO to the question

Persistence: there is a nhd U with a dense subset U ′ s.t. HT/HDC of f
have continuations for all g ∈ U ′

Replace saddles in HT/HDC by hyperbolic basic sets:

Robustness: there is a nhd U s.t. HT/HDC of f have continuations for
all g ∈ U

I used to emphasize that the saddles are in a hyperbolic set
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Persistence of non-hyperbolicity
Homoclinic tangencies:

I an example of C2-robust HTs of surface diffeos [Newhouse70]
I every surface diffeo having a HT can be Cr -approx. (r > 2) by

diffeos having robust HT [Newhouse79]
I high-dim case: Gonchenko-Shilnikov-Turaev93, Palis-Viana94,

Romero95

Heterodimensional cycles:
Abraham-Smale70 an example of

Definition 1 (C1-robust heterodimensional cycles)

f has two non-trivial hyperbolic basic sets Λ1 and Λ2

there is a C1 neighborhood U of f such that every g ∈ U has a
heterodimensional cycle involving Λ1(g) and Λ2(g)

I every HDC can be Cr approximated by C1-robust HDC
r = 1 [Bonatti-Diaz08]
r = 2, . . . ,∞, ω [L-Turaev21]
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Importance of HT/HDC
Understanding of diffeo space in terms of dynamics:

Palis’ density conjecture
Diffeomorphisms exhibiting either an HT or an HDC are Cr dense in
the complement of the closure of hyperbolic diffeos in Diffr (M).

I density of hyperbolicity in dim 1 [Kozlovski-Shen-van Strein07]
I true for r = 1 and dimM = 2 (so no HDC) [Pujals-Sambarino00]

I true with ‘weak hyperbolicity’ for r = 1 and dimM > 3
[Crovisier-Pujals2015]

Interesting by themselves:
I coexistence of infinitely many sinks (HT)
I robust presence of zero Lyapunov exponent (HDC)
I fast growth of number of periodic orbits (HT, HDC)
I . . .
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Persistence of Homoclinic Tangencies
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Thickness of Cantor sets
Let K be a Cantor set

I take a boundary point u ∈ K of a bounded gap U of K

I interval C: travel from u along R until a gap U ′ with |U ′| > |U|

I τ(K ,u) = |C|/|U|
I thickness: τ(K ) = inf

u
τ(K ,u)

The gap lemma
If K1 and K2 are linked (one is not contained in the gap of the other)
and τ(K1)τ(K2) > 1, then K1 ∩ K2 6= ∅.
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Proof. Assume K1 ∩ K2 = ∅. Take two linked gaps U1 of K1 and U2 of
K2.

Claim
I either a point x ∈ K1 ∩ K2

I or a gap U ′1 of K1 linked to U2 s.t. |U ′1| < |U1|
I or a gap U ′2 of K2 linked to U1 s.t. |U ′2| < |U2|

τ1τ2 > 1⇒ |C1|
|U1|
|C2|
|U2|

> 1⇒ |C1|
|U2|

> 1 or
|C2|
|U1|

> 1 or both
11 / 50
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Robust tangencies
I P,Q ∈ Λ a hyp. set, with a tangency between W s(P) and W u(Q)
I W s(Λ) and W u(Λ) form laminations near the tangency
I curve ` of tangency

I K s = W s(Λ) ∩ ` and K u = W u(Λ) ∩ ` are two Cantor set

For all g close to f :

I K s(g) and K u(g) are linked by the HT assumption of f
I If K s(f )K u(f ) > 1, then K s(g)K u(g) > 1

K s(f )K u(f ) > 1⇒W s(Pg) and W u(Qg) has a tangency
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Dynamics near a homoclinic tangency

Stable/unstable thickness of a hyperbolic set Λ

τ s(Λ) = thickness of W s(Λ) ∩W u
loc(Q) (for any saddle Q ∈ Λ)

τu(Λ) = thickness of W u(Λ) ∩W s
loc(Q)

Renormalization of the return maps near the HT:
I Λu with bounded τu

I Λs with arb. large τ s

I a saddle P with an HT s.t.

W s(Λs) ∩W u(P) 6= ∅, W u(Λu) ∩W s(P) 6= ∅

13 / 50
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Persistence of Heterodimensional Cycles
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Main result [L-Turaev21]
Any dynamical system of class Cr having a heterodimensional cycle of
coindex-1 can be Cr -approximated by systems having C1-robust
heterodimensional cycles.

I coindex: index difference of the hyp. sets in the HDC
I co-existence of orbits of different numbers of positive Lyapunov

exponents is typical in multi-dim chaos
I a counterpart to the Newhouse theorem for HDCs

Underlying mechanism: blenders [Bonatti-Diaz96]
A hyperbolic set s.t. some projection of its stable/unstable set has
larger top. dim: non-transverse intersections can be robust.

How to create blenders:
I C1 [Bonatti-Diaz]: Franks’ lemma, Hayashi’s connecting lemma

and linear reduction, so large perturbations
I Cr [L-Turaev]: nonlinear analysis with arithmetic properties of

moduli of topological conjugacy
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What is a blender [Bonatti-Crovisier-Diaz-Wilkinson16]

A prototype
f (Ri) = S: the topological dimension of Ω is 0, while that of the curve `
is 1, but they intersect robustly.
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g : Q → Q, by adding an expanding direction w to f
⇓

blender: Λ =
⋂

n∈Z gn(Q)
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Let g be a diffeomorphism (at least 3-dim) with a hyperbolic basic set Λ

I (local maximality) Λ =
⋂

i∈Z g i(U) for some open set U
I (partial hyperbolicity) T Λ = Ess ⊕ Ecs ⊕ Ecu ⊕ Euu

Definition
Λ is a center-stable (cs) blender with central dim dcs if Ecs 6= 0 and
there exists a pair of C1-open sets D and D′ ⊂ D of embeddings of a
closed dss-dim disc to U such that

I every embedded disc D from D is tangent to Css

I every preimage g−1(D) contains an embedded disc from D′

I D′ lies inside D at a finite C1-distance to the complement of D

Λ is a center-unstable (cu) blender with central dim dcu if it is a
cs-blender of f−1.

symp. blenders

18 / 50
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Finding blenders near an HDC
I periodic orbits: L1,L2, ind(L1)+1=ind(L2)
I heteroclinics: Γ0 ∈W u(L1) ∩W s(L2), Γ1 ∈W s(L1) ∩W u(L2)

We investigate the dynamics near the set Γ = L1 ∪ L2 ∪ Γ0 ∪ Γ1.

Cases depending on central multipliers of Lj

|λj,d−dj | ≤ · · · ≤ |λj,2| ≤ |λj,1| < 1 < |γj,1| ≤ |γj,2| ≤ · · · ≤ |γj,dj |.

I saddle case: λ1,1 and γ2,1 are simple and real
I saddle-focus case: λ1,1 = λ∗1,2 and γ2,1 is real; or vice versa
I double-focus case: λ1,1 = λ∗1,2 and γ2,1 = γ∗2,2

19 / 50
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Return maps

Local maps: F1 := f per(L1) near O1 and F2 := f per(L2) near O2

The first return map

Tk ,m := F21 ◦ F m
2 ◦ F12 ◦ F k

1 : (x , y , z) 7→ (x̄ , ȳ , z̄)

20 / 50
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∃ finite set K = {(kj ,mj)}nj=1 s.t.
⋃

Tkj ,mj (I) cover I

Hyperbolic basic set Λ in Π : symbolic dynamics

I {Ms} ∈ Π iff ∃{(ks,ms) ∈ K}+∞
−∞ s.t. Ms+1 = Tks,ms (Ms)
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Tk ,m in the saddle case:

X̄ = abλkγmx+ − bu− + abλkγmX + φ1(X , Ȳ ,Z ),

Y = φ2(X , Ȳ ,Z ), Z̄ = φ3(X , Ȳ ,Z ),

Modulus of top. conjugacy: θ = − ln
|λ|
|γ|

Main observation
|λ|k |γ|m = |γ|m−kθ can be any number when θ is irrational.

Center direction g : X 7→ Ak ,m + Bk ,mX
I length of g([−1,1]) is 2Bk ,m, finite
I center of g([−1,1]) is g(0) = Ak ,m, dense in [0,1]

∃ finitely many (k ,m) s.t. their center images gk ,m([−1,1]) cover
[−1,1].
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Parametric results

Parameters:
I µ: control the splitting of the nontransverse intersection
I θ, ω (S-F case), ω1,2 (D-F case)

Proper unfolding family fε

I saddle: rank
∣∣∣∣∂(µ(0), θ(0))

∂ε

∣∣∣∣ = 2

I saddle-focus: rank
∣∣∣∣∂(µ(0), θ(0), ω(0))

∂ε

∣∣∣∣ = 3

θ, ωπ ,1 are rationally independent at ε = 0

I double-focus: rank
∣∣∣∣∂(µ(0), θ(0), ω1(0), ω1(0))

∂ε

∣∣∣∣ = 4

θ, ω1
π ,

ω2θ
π ,1 are rationally independent at ε = 0
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Theorem A
Given any proper unfolding {fε} of a generic heterodimensional cycle Γ
in a Cr system f , there exist open regions Pj in the parameter space
accumulating on 0, where each system has a robust
heterodimensional cycle.

Theorem B (local stabilization of heterodimensional cycles)
If Γ is not of type-I, then there exists a system g arbitrarily Cr -close to f
such that it has a heterodimensional cycle associated to O1(g) and
O2(g).

I For some problems, it is important to know whether the hyperbolic
sets in the obtained robust HDC/HT contains the continuations of
the saddles in the original HDC/HT

24 / 50
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Creating Heterodimensional Cycles
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Creating HDCs from HTs

Let O has an HT with multipliers (e.v. of Df per(O)(O))

|λds | 6 · · · 6 |λ1| < 1 < |γ1| 6 · · · 6 |γdu |.

I both λ1, γ1 are real: 2-d reduction
HDC requires 3-d dynamics! No local bifurcation gives HDC

I at least one of λ1, γ1 is complex
dynamics of higher dim, saddles of different indices

Saddle-focus:
(2,1): λ1 = λ∗2 = λeiω (0 < ω < π), and γ1 is real, or

(1,2): λ1 is real, and γ1 = γ∗2 = γeiω (0 < ω < π);

Bi-focus:
λ1 = λ∗2 = λeiω1 (0 < ω1 < π), γ1 = γ∗2 = γeiω2 (0 < ω2 < π).

26 / 50
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Theorem ([L-Li-Shinohara-Turaev22])

Let f be Cr with r = 1, . . . ,∞, ω. Suppose that O has a homoclinic
tangency and is either

I a saddle-focus of type (2,1) with |λγ| > 1, or
I a saddle-focus of type (1,2) with |λγ| < 1, or
I a bi-focus with λγ 6= 1.

Then, there exists a diffeomorphism arbitrarily Cr -close to f such that it
has a heterodimensional cycle involving the continuation of O and a
hyperbolic periodic point Q, where ind(Q) = du + 1 if |λγ| > 1 and
ind(Q) = du − 1 if |λγ| < 1.

I parametric version

Remark
2-d reduction when |λγ| < 1 in (2,1) and |λγ| > 1 in (1,2), so no HDC
can be born from local bifurcations.
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Recall
Cr (r > 2) diffeo with HT is Cr -close to C2-robust tangencies

No general theory for C1-robust tangencies
I very possible that no C1-robust tangencies for surface diffeos

[Moreira11]
I special examples for higher dimension [Simons72, Asaoka08]
I HT of a hyperbolic set with Index-variation
⇒ C1-close to C1-robust tangencies [Bonatti-Diaz12]

Theorem + [L-Turaev21] + [Bonatti-Diaz12]⇒ C1-robust HT

Corollary

Homoclinic tangencies in the previous theorem are on the
Cr -boundary of C1-robust homoclinic tangencies.

28 / 50
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Saddle case
2-d reduction⇒ no HDC can be born near a single orbit of HT

Break such reduction: assume a pair of orbits of HT
I essentially 3-d dynamics

29 / 50



amss

Conditions
C1 dim W u(O) = 1
C2 |λγ| > 1
C3 The two tangency orbits Γ, Γ̃ intersect the same set of

strong-stable leaves (preventing 2-d reduction)

Theorem ([L-Turaev20])
If the above conditions are satisfied, then given any nhd U of
O ∪ Γ ∪ Γ′, there exists an arbitrarily Cr -small perturbation giving rise a
heterodimensional cycle in U, involving the continuation of O.

C4 |λ2| < λ2, |λ||γ|
1
2 < 1 for symmetric perturbations

I parametric version
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Motivation

Lorenz system: 
ẋ = σ(y − x),
ẏ = x(ρ− z)− y ,
ż = xy − βz.

Consider its time-1 map:

I equilibrium→ fixed point
I a symmetric pair of homoclinic loops→ a continuously family of

symmetric pairs of homoclinic tangencies
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Lorenz-like systems
Those having the Afraimovich-Bykov-Shilnikov property:

I existence of the Lorenz-like attractors
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Theorem ([Turaev-Shilnikov08])
After any sufficiently small time-periodic perturbation is applied to a
Lorenz-like system, the period map will have a unique chain-transitive
attractor consisting of points attainable from O.

Corollary
For Lorenz-like systems satisfying C1–C3 (C4), there exists an
arbitrarily small (symmetric) periodic perturbation such that the period
map of the perturbed system has a unique chain-transitive attractor
containing heterodimensional cycles.

C1–C3 are fulfilled at the classic parameter values of Lorenz attractor:

Periodic perturbation of the classic Lorenz attractor can contain
heterodimensional cycles.
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Shimizu-Morioka system:
ẋ = y ,
ẏ = x(1− z)− λy ,
ż = −αz + x2.

I contains the Lorenz attractor for an open set of parameter values
I normal form for bifurcation of an equilibrium with three zero

Lyapunov exponents
I normal form for bifurcation of p.o. with four zero Lyapunov

exponents

C1–C4 are fulfilled:

There are symmetry-preserving periodic perturbations of the S-M
system that lead to attractors containing heterodimensional cycles.
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Creating HDC near Shilnikov loops
A multidimensional generalization of the Lorenz system:

Figure: Phase space factorized along the
strong-stable leaves corresponding to αj .

I saddle-focus equilibrium
−λ± iω, γ, αj :
Re(αj) < −λ < 0 < γ

I Volume expansion in 3-D
centre-bundle

Theorem ([L16,L-Turaev17])
There exist arbitrarily Cr -small
perturbations leading to a pair of
HDCs
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
ẋ = σ(y − x),
ẏ = x(r − z)− y ,
ż = −bz + xy + εu,
u̇ = −(b + f (x , y , z,u))u − εz,

I the f :=RHS is symmetric with respect
to(x , y , z,u)→ (−x ,−y , z,u)

I f (0) = ∂f (0)/∂(x , y , z,u) = 0, and (b + f ) is close to zero outside
a small nhd of the equilibrium.

HDC can be created near (σ = 10,b = 8/3, r = 28).

Chain-transitive attractors containing O exist in such systems
[Turaev-Shilnikov98]

⇓
Such attractors contain robust HDCs – orbits of different numbers of

positive Lyapunov exponents cannot be separated
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Symplectic Blenders near Whiskered Tori
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Natural setting where blenders exist
I heterodimensional cycles
I 1-d whiskered tori with homoclinic intersections in symplectic

systems

Definition (Nassiri-Pujals12)
Λ is a double-blender with central dim (dcs,dcu) if it is simultaneously
a cs-blender with central dim dcs and a cu-blender with central dim dcu.

Symplectic blenders are double-blenders of symp. diffeomorphisms
I dcs = dcu, dss = duu

[Nassiri-Pujals12]
Symplectic blenders born from perturbations of f = f1 × f2

I f1 is integrable and twist
I f2 has a hyperbolic basic set (Here f has whiskered tori with

infinitely degenerate HT.)
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Whiskered tori

A smooth invariant curve γ ∼= S1 is called a 1-d whiskered torus if
I TpM = Nc

p ⊕ Ns
p ⊕ Nu

p , p ∈ γ, dim Nc = 2, dim Ns = dim Nu

I for some α > 1, λ ∈ (0,1)

‖Df |Nc
p
‖ 6 α, ‖(Df )−1|Nc

p
‖ 6 α, ‖Df |Ns

p
‖ < λ, ‖(Df )−1|Nu

p
‖ < λ

I αmλ < 1, 4 6 m 6 s
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Whiskered tori

γ ⊂ A ∼= R× S1, a 2-dim locally-invariant center manifold
I A is at least Cm

I the tangent bundle splitting extends to A (normal hyperbolicity)
I (N + 1)-dim W s/u(A), with Cm−1 foliations Fss/uu

I N-dim W s/u(γ) consist of (N − 1)-dim leaves of Fss/uu through γ
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γ is a KAM-curve of f |A

r̄ = r + O(rm), ϕ̄ = ϕ+ ω(r) + O(rm)

I γ = {r = 0}, O(rm) is a function of r , ϕ
I ω(r) is a polynomial of deg(m − 1)

I ω(0) is a Diophantine number

used only for result 2

I twist condition: ω′(0) 6= 0

used only for result 2

Let γ have an orbit Γ of homoclinic tangency.

Main results [L-Turaev23]
1 Γ is p-h cubic: cs-/cu-blenders without perturbations
2 Γ is p-h quadratic: (1,1)-symplectic blenders at 2-p unfoldings

Higher order tangencies: Cs perturbations to get quadratic ones
Transverse case: C∞ perturbations to get a tangency

I in preparation for Cω perturbations
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Partial-hyperbolicity condition for Γ

Take any point M ∈ Γ, `ss/uu the strong-stable/unstable leaf through M:

TM`
ss ⊕ TM`

uu ⊕ TM(W s(A) ∩W u(A)) = R2N .

I ⇔ transversality of `ss/uu to W u/s(A) at M
I Fss/uu transverse to Σ ⊂W s(A) ∩W u(A), a 2-dim disc containing

M
I projections (holonomies) πs/u : Σ→ A along the leaves of Fss/uu

Scattering map

S = πs ◦ (πu)−1 : πu(Σ)→ πs(Σ), a symplectic Cm−1 diffeomorphism

I S(γ) is tangent to γ at πs(M)
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DS takes a tangent vector v ∈ Tπu(M)γ to a tangent vector DSv ∈
Tπs(M)γ. Define

β =
DSv

v

The tangency is contracting if |β| < 1 and expanding if |β| > 1

Figure: A cubic tangency
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Blenders near cubic tangencies

Theorem

Let γ have an orbit Γ of a p-h homoclinic tangency which is at least
cubic. Then, in any neighborhood of γ ∪ Γ, there exists a blender Λ of
central dimension 1 satisfying that

I if |β| < 1, Λ is center-stable and activated by `ss through γ,
I if |β| > 1, Λ is center-unstable and activated by `uu through γ.

dim `ss/uu = N − 1, dim W s/u(Λ) = N

Activation: `ss/uu contains an embeded disc D ⊂ D of the blender
I nontransverse `ss ∩W u(Λ) 6= ∅ and `uu ∩W s(Λ) 6= ∅
I robust intersections: hold for all close leaves
I e.g. ∃ subcylinder A′ ⊂ A s.t. `ss/`uu through A′ activate Λ
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Sketch of Proof:

Local map T0 := f |V for some nhd V of γ
Transition map T1 := f n|Π0 : Π0 → Π1, along the orbit γ, f n(M−) = M+

I Π0 is a nhd of M− ∈W u
loc(γ) ∩ Γ

I Π1 is a nhd of M+ ∈W s
loc(γ) ∩ Γ

First-return maps Tk := T k
0 ◦ T1

I infinitely many valid k by irrationally of the rotation number of γ
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Renormalised coordinates (R,Φ,X ,Y )

Obstacle to hyp.: r̄ = β−1r + aϕ3 + ..., ϕ̄ = βϕ+ kω0 + k r + . . .

Consider
I δ2R = r , δΦ = ϕ, δ(X ,Y ) = (x , y) ss,uu
I k ∼ δ−1

Tk in the central coordinates are close to

(R̄, Φ̄) = (β−1R, βΦ + O(R) + c(k)). (1)

I hyperbolic since β 6= 1

Dirichlet approx. theorem⇒ ω0 =
p
q

+
C
q2 , |C| < 1 for any large q.

For each large q, there exist a finite set Kq ⊂ [q,2q] and δ = O(q−1)
such that c(k) form a sufficiently dense grid.

I the IFS (1) satisfies the so-called covering property in Φ-direction
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cu-blender for |β| > 1

I Take a cube Π ⊂ Π0, Purple boxes: T−1
k (Π), k ∈ Kq

I ` : (N − 1)-dim disc tangent to Cuu, e.g. a strong-unstable leaf

Consider the map g defined by

g(P) = Tk (P) if P ∈ T−1
k (Π), k ∈ Kq

Λ =
⋂

i∈Z g i(Π) is a cu-blender of g, which gives a cu-blender of f
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Transverse intersection

γ′ = {r = 0, x = 0, y = 0} γ = γ′ for the unperturbed map

Hamiltonian H(r , ϕ, x , y) = rχ(r , ϕ, x , y) not real analytic
I restricted to γ′ : ṙ = 0, ϕ̇ = 1
I time-ε map gε: gε|γ′(ϕ) = ϕ+ ε

I gε ◦ f |γ′(ϕ) = ϕ+ ω0 + ε

47 / 50



amss

Saddle-center periodic points with homoclinics
f ∈ Symps(M) with s = 1, . . . ,∞, ω, dimM = 2N, N > 2

Saddle-center O: λ1,2 = e±iω0 , |λj | 6= 1

I 2-dim W c(O) near O: normally hyperbolic
(N − 1)-dim `ss/uu through each point, including W s/u(O)

I s > 3, KAM-curves (whiskered tori) on W c(O) accumulate on O

O persists under symplectic perturbations, how about its homoclinic?
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Theorem ([L-Turaev23])

If W s(O) ∩W u(O) 6= ∅, then arbitrarily close to f in Symps(M) there is
an open region where maps with W s(O) ∩W u(O) 6= ∅ are dense.

An example in celestial mechanics
Planar circular restricted 3-body problem (Jupiter–Sun)

I 2 degrees of freedom (4-dim)
I the Lagrange point L2 is a saddle-center equilibrium
I L2 possesses a homoclinic orbit [Libre-Martinez-Simo85]

circular→ elliptic: a time-periodic perturbation
I 2.5 degrees of freedom (5-dim)
I L2 becomes a saddle-center fixed point O for the time-period map
I recover the homoclinic orbit (in preparation)
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Thank you for your attention!
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