Uniform attractors of Brinkmann-Forchheimer
equations with Dirichlet Boundary conditions
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Attractors

Given a dynamical system S(t) : & — @, a global attractor is a set
As.t

> A is compact
> S(t)A=A
» If B is a bounded set then S(t)B C O(A) for t > T

Theorem
(Vishik, Chepyzhov) Let the operator S(t) be continuous and have
a compact attracting set, then there is a global attractor.



Uniform Attractors

For non-autonomous system. Given a cocycle S¢(t) : & — ® over
T(t): H(g) — H(g) there is a extended dynamical system

S(t)(uo, §) = (S¢(t)wo, T(t)E).

A set A} is a weak attractor for S¢(t) if
» Al is compact in ® with weak topology

» AY is uniformly attracting ,ie any bounded set B then
Se(t)y BC O(AL)  t>T
» AV is minimal wrt first two properties

There is also A3, with strong topology



How to find Uniform Attractors

Theorem

Let & be reflexive, and cocycle S¢(t) be weakly continuous and
have a bounded then there is a weak uniform attractor A}, and it
coincides with USEH(h)ICﬁ‘t:()

Theorem

Let the previous assumptions hold and the let the extended
semigroup be (uniformly) asymptotically compact then the strong
uniform attractor exists and coincides with A,



Setup

Let Q be a smooth bounded domain of R3

Oru — Au+ (u-V)u+Vp+f(u) =g(x,t) on Q

V-u=0
ult=0 = uo(x)
ulpa =0

We make the assumptions that
flu)=oaulu™ r>3, aeR
f(u) =V, F(uv)
f'(u) > —K + klu|t
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Existence: We can prove existence of weak solution by the
standard Galerkin argument

Uniqueness: Sketch of Proof: let u(0) = up = v(0) be two
solutions w = u — v, take the difference the difficult inertial term
can be bounded by

((w - V)u,w) + ((v- V)w,w) < Cllullfn + Cllwl|f+
+af|ul 7+ v wl?)

and

(F(u) = f(v),u—v) // (su+(1—s)v)w ds-w

> —Klwliz + B(Jult + v [w]?)

We can bound the intertial term of LHS with non-linear term on
RHS with Young's inequality, as r — 1 > 2



Regularity

An easier problem
—Au+Vp+f(u)=g V-u=0 (2)
ulog =0 {p) =0
where g = g(x) € L?(Q2) and f(u) is the same as before

Theorem
There is a unique solution to (2) and it satisfies the estimate(s)

lullwize < C(1+||gllZ2)
2
1 ()l < C(L+llglfs + (1 + llgllZ2)3 (F(u)Vu, Vu)

[

)



Proof Sketch
Existence:Leray-Schauder degree theory
Uniqueness: Use f'(u) > —K.

Multiply by u, [|f(u)|lLe ~c [Jull g+

IVullfz + el < Cligliz.

g—f(u) el = ue W29 pec Whd
Multiply by 0;0%u so

IV(@r )z + (Jul ™, 107 ul?) < C(1+ |IglI72) + CI(AV(Orp), u)]



We take the tangential derivative of problem (2)

—A(0ru) + V(9-p) = (9-8) + (0-f(u)) + ([A, Or]u + [V, 0:]p)
V - (0-u) = [div, 0-]u
Orulpg =0

We can use L9 regularity of Stokes problem. Using interpolation of
anisotropic Sobolev spaces
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lullwrse < CllulljyaqlIV(Oru)|l 2



Returning to the non-autonomous case.

Theorem
Ifg € [2(0, T; L2(Q)) , uo € H' N W2=4):9 the solution to (1)
Oru—Au+Vp+ (u-V)u+ f(u) = g satisfies the energy estimates

t
() F2 () s+ [ e () 1+ u() 20t
W( q)7q 0
10su(s)[I o + [[u(s) 1755 + I (u(NITa + 1p()yre) s

t
< c((uuo||%z+||uo||jv oy e L /0 ) g(s), ds>
and ® :=ynLrtl
2 ‘ 2 2
u(D)3 + / 19:u(s) s < Qo] e+

t
+ [ e g(s) s
0



Proof Sketch
Step 1 Multiply by u

1d

Sl a2 + [l < ClllZ, +ellull?,

use Gronwall inequality.
Step 2 Use L9 regularity of the non-stationary Stokes problem,

2 1
lu-Vulles < Jull? 2 [Vl < CO+ [Vullfs + w5
L7

so g — f(u)— (u-V)u e L9, and L?(Q) — LI(Q),



Step 3 Multiply by 33 . 8;(¢9;u)

1d _
Sl gy Hl e+ 16l TP e,y < CO1+g]2)

Step 4 Multiply by 90-u, again

10 ullFe + (Jul 107 ul?) < C(L+ llgllZ2) + |AV(0-p(1)), u(t)]

0t(0-u) — A(0ru) + V(0-p) = 0-f(u) — Or(u-Vu) + 0-g+
+{[A,0-]u+ [V, 0-]p}
87“‘89 =0 V - (0ru) = [div,0;]lu =1 H

For L9 regularity we require that 0;H € L9 |



L9 regularity

We want to show 0;[div, d-|u € L9(0, T; L9(Q2)).

[div,0-lu =V - (0-u) — 0-(V - u) = 0j(1i0iu;) =
= 0j1i0iuj + 1;0;0;u; = 0;(0jTiu;) — 0;0jTjuj =
=u-V(V-7)+ V- (V1i-u)=V-W(t) + h(t)

note that W(t)‘aQ =0, let v=u— W solves
Orv — Av+ Vpw = 0-f(u) — 0-((u- V)u)—

- [AaaT]u+ [vaaT]p - [atW - AW]
V]pq =0 Vv =W(t)

as h(t),0:h(t) € L9, and [0y — A]W € L9



Step 5 Gagliardo-Nirenberg interpolation

lullise < Cllullt o llull s
Step 6 Multiply by 0:u so
et IV (F (). DK 02) < (8 u)+(w9 ), D) <
< llgla + llull = (V]2 + (F(u), 1)+ K[lu]%)

where F(u) + K >0 so

t 2
lu(e) 12 + [[u(t)]|5FE < elo 1Oieds(j|ug |2, + ||uol|7FL+

" /0 (lu(s)]12 + [1g(s)]225)



Theorem
Let E(u(t)) := 3| Vu(t)[|?, + (F(u),1) then the following holds

d
EE(u(t)) = —(8tu,8tu +8— (U : V)U)

and the solution of (1) is weakly continuous in ®

Proof.
Step 1 Multiply by d;u(t) use convexity arguments for Au + F(u)
Step 2

E(u) — E(v) = ||lu— V% +2(Vu— Vv, Vv)+
1
+/0 F(su+ (1 s)v) ds(u— v) - (u— v).

Reverse inequalities

lu = vlle < Cllu— vl +afu— v



Weak Attractor

The estimate from before
2 ‘ 2 2
[Ju(t)[|o +/ X 10su(s)||7> ds < Q(||uol[e"t+
t_

t
+ [ g7 a)
gives the following dissipative estimate
[15¢(t)uollo < Qlluollo)e ™ + QUIIEl72(0,7,12))

as |[¢][ 2 = llgl] .2 for & € H(g)



Strong Attractor

Theorem

Let the assumptions of the energy estimates hold and let

g € L%(0, T; L2(Q)) be normal, then the semigroup with
asymptotically compact.

Proof Sketch Consider, Ugcyy(g)Se(1){uo € ®||[uo|| < 2Q(|[g]l.2)-
choose uf € B, and &, € H(g), Banach-Alaglou means we can
relabel as (weakly) converging to uf — ug , & — £, we have
absordbing charachteristic from before. Only need to show
E(un(1)) — E(u(1)) in strong sense.

%EE(un(t))+2NE(un(t))+%H@tu(t)Hfz—l—N(f(u,,).u,,—2F(u,,),1)+
1d

d
+a““n(t)Hi2 = (&n, Orun+Nup)—((un-V)up, up, Orun)+ 5 dt”un( )||%2

We multiply by t and integrate in time



1
E(un(l))+2/ te= N9, u, (1) |2 dt+
0
1
+ 2/v/ te= =D (£(11(£)), un(t) — 2F (up), 1)dt =
0

1 1
= / e NA=O E(y(t))dt+2 / te =N~ ((u, (), V)un(t), Drun(t))d
0 0

1 1
+2N / e NA=O (£ (1), up(t))dt+2 / te V=) (¢, (t), Drun(t))dt
0 0



