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Attractors

Given a dynamical system S(t) : Φ → Φ, a global attractor is a set
A s.t

▶ A is compact

▶ S(t)A = A
▶ If B is a bounded set then S(t)B ⊂ O(A) for t > T

Theorem
(Vishik, Chepyzhov) Let the operator S(t) be continuous and have
a compact attracting set, then there is a global attractor.



Uniform Attractors

For non-autonomous system. Given a cocycle Sξ(t) : Φ → Φ over
T (t) : H(g) → H(g) there is a extended dynamical system
S(t)(u0, ξ) = (Sξ(t)u0,T (t)ξ).
A set Aw

un is a weak attractor for Sξ(t) if

▶ Aw
un is compact in Φ with weak topology

▶ Aw
un is uniformly attracting ,ie any bounded set B then

Sξ(t)B ⊂ O(Aw
un) , t > T

▶ Aw
un is minimal wrt first two properties

There is also As
un with strong topology



How to find Uniform Attractors

Theorem
Let Φ be reflexive, and cocycle Sξ(t) be weakly continuous and
have a bounded then there is a weak uniform attractor Aw

un and it
coincides with ∪ξ∈H(h)Kξ

∣∣
t=0

Theorem
Let the previous assumptions hold and the let the extended
semigroup be (uniformly) asymptotically compact then the strong
uniform attractor exists and coincides with Aw

un



Setup

Let Ω be a smooth bounded domain of R3

∂tu −∆u + (u · ∇)u +∇p + f (u) = g(x , t) on Ω (1)

∇ · u = 0

u|t=0 = u0(x)

u|∂Ω = 0

We make the assumptions that

f (u) = αu|u|r−1 r > 3, α ∈ R
f (u) = ∇uF (u)

f ′(u) > −K + κ|u|r−1

We let 1
q + 1

r+1 = 1



Existence: We can prove existence of weak solution by the
standard Galerkin argument
Uniqueness: Sketch of Proof: let u(0) = u0 = v(0) be two
solutions w = u − v , take the difference the difficult inertial term
can be bounded by

((w · ∇)u,w) + ((v · ∇)w ,w) ≤ C∥u∥2H1 + C∥w∥2L2+
+ α(|u|r−1 + |v |r−1, |w |2)

and

(f (u)− f (v), u − v) ∼
∫
Ω

∫ 1

0
f ′(su + (1− s)v)w ds · w

≥ −K∥w∥2L2 + β(|u|r−1 + |v |r−1, |w |2)

We can bound the intertial term of LHS with non-linear term on
RHS with Young’s inequality, as r − 1 > 2



Regularity

An easier problem

−∆u +∇p + f (u) = g ∇ · u = 0 (2)

u|∂Ω = 0 ⟨p⟩ = 0

where g = g(x) ∈ L2(Ω) and f (u) is the same as before

Theorem
There is a unique solution to (2) and it satisfies the estimate(s)

∥u∥W 1,3q ≤ C (1 + ∥g∥2L2)

∥f (u)∥L2 ≤ C (1 + ∥g∥qLq + (1 + ∥g∥2L2)
2
3 (f ′(u)∇u,∇u)

1
3 )



Proof Sketch
Existence:Leray-Schauder degree theory
Uniqueness: Use f ′(u) > −K .
Multiply by u , ∥f (u)∥Lq ∼C ∥u∥Lr+1

∥∇u∥2L2 + ∥u∥r+1
Lr+1 ≤ C∥g∥2L2

g − f (u) ∈ Lq =⇒ u ∈ W 2,q, p ∈ W 1,q

Multiply by ∂τ∂
∗
τu so

∥∇(∂τu)∥2L2 + (|u|r−1, |∂τu|2) ≤ C (1 + ∥g∥2L2) + C |(A∇(∂τp), u)|



We take the tangential derivative of problem (2)

−∆(∂τu) +∇(∂τp) = (∂τg) + (∂τ f (u)) + ([∆, ∂τ ]u + [∇, ∂τ ]p)

∇ · (∂τu) = [div , ∂τ ]u

∂τu|∂Ω = 0

We can use Lq regularity of Stokes problem. Using interpolation of
anisotropic Sobolev spaces

∥u∥W 1,3q ≤ C∥u∥
2
3

W 2,q∥∇(∂τu)∥
1
3

L2

□



Returning to the non-autonomous case.

Theorem
If g ∈ L2(0,T ; L2(Ω)) , u0 ∈ H1 ∩W 2(1− 1

q
),q the solution to (1)

∂tu−∆u+∇p+(u ·∇)u+ f (u) = g satisfies the energy estimates

∥u(t)∥2L2+∥u(t)∥q
W

2(1− 1
q ),q

+

∫ t

0
e−α(t−s)(∥u(s)∥2H1+∥u(s)∥q

W 2,q+

∥∂su(s)∥qLq + ∥u(s)∥r+1
Lr+1 + ∥f (u(s))∥qLq + ∥p(s)∥q

W 1,q) ds

≤ C

(
(∥u0∥2L2+∥u0∥q

W
2(1− 1

q ),q
)e−αt+1+

∫ t

0
e−α(t−s)∥g(s)∥q

L2
ds

)
and Φ := V ∩ Lr+1

||u(t)||2Φ +

∫ t

t−1
∥∂su(s)∥2L2ds ≤ Q

(
||u0||2Φe−βt+

+

∫ t

0
e−β(t−s)∥g(s)∥2L2ds



Proof Sketch
Step 1 Multiply by u ,

1

2

d

dt
∥u∥2L2 + ∥u∥2H1 + ∥u∥r+1

Lr+1 ≤ C∥g∥2L2 + ε∥u∥2L2

use Gronwall inequality.
Step 2 Use Lq regularity of the non-stationary Stokes problem,

∥u · ∇u∥Lq ≤ ∥u∥q
L

2q
2−q

∥∇u∥q
L2

≤ C (1 + ∥∇u∥2L2 + ∥u∥r+1
Lr+1)

so g − f (u)− (u · ∇)u ∈ Lq, and L2(Ω) ↪→ Lq(Ω),



Step 3 Multiply by
∑3

i=1 ∂i (ϕ∂iu)

1

2

d

dt
∥u∥2H1(Ωε)

+∥u∥2H2(Ωε)
+(|u|r−1, |∇u|2)L2(Ωε) ≤ C (1+∥g∥2L2)

Step 4 Multiply by ∂∗
τ∂τu, again

∥∂τu∥2H2 + (|u|r−1, |∂τu|2) ≤ C (1 + ∥g∥2L2) + |A∇(∂τp(t)), u(t)|

∂t(∂τu)−∆(∂τu) +∇(∂τp) = ∂τ f (u)− ∂τ (u · ∇u) + ∂τg+

+ {[∆, ∂τ ]u + [∇, ∂τ ]p}
∂τu

∣∣
∂Ω

= 0 ∇ · (∂τu) = [div , ∂τ ]u =: H

For Lq regularity we require that ∂tH ∈ Lq !



Lq regularity

We want to show ∂t [div , ∂τ ]u ∈ Lq(0,T ; Lq(Ω)).

[div , ∂τ ]u = ∇ · (∂τu)− ∂τ (∇ · u) = ∂j(τi∂iuj) =

= ∂jτi∂iuj + τi∂j∂iuj = ∂i (∂jτiuj)− ∂i∂jτiuj =

= uj · ∇(∇ · τ) +∇ · (∇τi · u) =: ∇ ·W (t) + h(t)

note that W (t)
∣∣
∂Ω

= 0, let v = u −W solves

∂tv −∆v +∇pW = ∂τ f (u)− ∂τ ((u · ∇)u)−
− [∆, ∂τ ]u + [∇, ∂τ ]p − [∂tW −∆W ]

v
∣∣
∂Ω

= 0 ∇ · v = W (t)

as h(t), ∂th(t) ∈ Lq, and [∂t −∆]W ∈ Lq



Step 5 Gagliardo-Nirenberg interpolation

∥u∥L∞ ≤ C∥u∥
3
4

Lr+1∥u∥
1
4

W 1,3q

Step 6 Multiply by ∂tu so

∥∂tu∥2L2+
d

dt
(
1

2
∥∇u∥2L2+(F (u), 1)+K∥u∥2L2) ≤ (g , u)+((u·∇)u, ∂tu) ≤

≤ ∥g∥2L2 + ∥u∥L∞(∥∇u∥2L2 + (F (u), 1) + K∥u∥2L2)

where F (u) + K > 0 so

∥u(t)∥2H1 + ∥u(t)∥r+1
Lr+1 ≤ e

∫ t
0 ∥u(s)∥2L∞ds(∥u0∥2H1 + ∥u0∥r+1

Lr+1+

+

∫ t

0
(∥u(s)∥2L2 + ∥g(s)∥2L2ds)



Theorem
Let E (u(t)) := 1

2∥∇u(t)∥2L2 + (F (u), 1) then the following holds

d

dt
E (u(t)) = −(∂tu, ∂tu + g − (u · ∇)u)

and the solution of (1) is weakly continuous in Φ

Proof.
Step 1 Multiply by ∂tu(t) use convexity arguments for ∆u + F (u)
Step 2

E (u)− E (v) = ∥u − v∥2L2 + 2(∇u −∇v ,∇v)+

+

∫ 1

0
F ′(su + (1− s)v) ds(u − v) · (u − v).

Reverse inequalities

||u − v ||Φ ≤ C∥u − v∥2L2 + α∥u − v∥r+1
Lr+1



Weak Attractor

The estimate from before

||u(t)||2Φ +

∫ t

t−1
∥∂su(s)∥2L2 ds ≤ Q

(
||u0||2Φe−βt+

+

∫ t

0
e−β(t−s)∥g(s)∥2L2 ds)

gives the following dissipative estimate

||Sξ(t)u0||Φ ≤ Q(||u0||Φ)e−βt + Q(||ξ||2L2(0,T ;L2))

as ||ξ||L2 = ||g ||L2 for ξ ∈ H(g)



Strong Attractor

Theorem
Let the assumptions of the energy estimates hold and let
g ∈ L2(0,T ; L2(Ω)) be normal, then the semigroup with
asymptotically compact.

Proof Sketch Consider, ∪ξ∈H(g)Sξ(1){u0 ∈ Φ|||u0|| ≤ 2Q(||g ||L2).
choose un0 ∈ Br and ξn ∈ H(g), Banach-Alaglou means we can
relabel as (weakly) converging to un0 → u∗0 , ξn → ξ∗, we have
absordbing charachteristic from before. Only need to show
E (un(1)) → E (u(1)) in strong sense.

1

2

d

dt
E (un(t))+2NE (un(t))+

1

2
∥∂tu(t)∥2L2+N(f (un).un−2F (un), 1)+

+
d

dt
∥un(t)∥2L2 = (ξn, ∂tun+Nun)−((un·∇)un, un, ∂tun)+

1

2

d

dt
∥un(t)∥2L2

We multiply by t and integrate in time



E (un(1)) + 2

∫ 1

0
te−4N(1−t)∥∂tun(t)∥2L2dt+

+ 2N

∫ 1

0
te−4N(1−t)(f (un(t)), un(t)− 2F (un), 1)dt =

=

∫ 1

0
e−4N(1−t)E (un(t))dt+2

∫ 1

0
te−4N(1−t)((un(t),∇)un(t), ∂tun(t))dt+

+2N

∫ 1

0
e−4N(1−t)t(ξn(t), un(t))dt+2

∫ 1

0
te−4N(1−t)(ξn(t), ∂tun(t))dt


