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Chaotic attractors 
Attractors characterizing by  
Lyapunov exponents L1 җ L2 җ Χ Ln 

L1 + L2 Ҍ Χ Ҍ Ln < 0 ς attractor existence condition 
L1 > 0 ς chaoticity condition 

  
 

E. Lorenz: çThe present determines the future. However, the approximate 

present does not determine the future even approximatelyè 

The Lorenz system, E. Lorenz, 1962 
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Chaotic attractors 
L1 + L2 Ҍ Χ Ҍ Ln < 0 ς attractor existence condition 
L1 > 0 ς chaoticity condition 

  
 

Pseudohyperbolic attractors 
L1 > 0 for close systems  
(under perturbations, parameter changes) 
 
 

Quasiattractors ς one can never be 
sure that chaoticity (L1 > 0) remains 
under perturbations  
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Pseudohyperbolicity No pseudohyperbolicity Pseudohyperbolicity 
or Ess

 is non-orientable 



Pseudohyperbolicity verification 

6 

Verification of conditions (b) and (c) of Def. 1 is 
based on the analysis of Lyapunov exponents  

L1 L2 Ễ Ln for a typical, sufficiently long 
orbit in the attractor.  

ÅCondition (c) of the volume expansion in Ecu : 
                          L1 Ễ Lk > 0 

ÅCondition (b) 
                                Lk > Lk+1  

ÅFor checking condition (a) we compute Lyapunov 
covariant vectors which form the subspaces E1 
and E2. 

[GKT21] Gonchenko S., Kazakov A., Turaev D. Nonlinearity. (2021), 34(4), 2018. 



Verification of condition (a) of E1 and E2 continuity 
Our method is work for:   
Å dim(E2(x)) = 1 
Å dim(E1(x)) = n-1  
In this case, it is convenient to use the standard notations from hyperbolic theory 
Å Ess(x) ė E2(x) 

Å Ecu(x) ė E1(x) 

 
1. Verification of continuity of Ess

 : 
Å Calculate sufficiently long orbit in the attractor and store the points x1, x2Σ Χxm along 

this orbit 
Å Go backward along the stored orbit (xm, xm-1Σ ΧΣ Ȅ1), calculate the maximal Lyapunov 

exponent (this exponent is equal to -Ln) and store the corresponding Lyapunov 
vectors v(xi) for each point xi 

      => For each found point xi on the orbit we know the vector v(xi) corresponding to the 
strong contraction 
Å Calculate  

dx = dist(xi,xj) and  
dj = angle(v(xi), v(xj))  
for each pair of points on the orbit (xi,xj),  
The results are shown on the graph (dx, dj). 

 
2. Instead of checking the continuity of Ecu(x) we check the continuity of the 
codimension 1 subspace Ncu(x) which is orthogonal to Ecu(x). 
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Angles method for the verification of condition (a) 

Instead of calculating continuity diagrams for Ecu(x) and Ecu(x) it 
is possible to calculate the minimum angle between these 
subspaces using the Kuptsov-Kuznetsov method. This method 
allows to process much longer orbits inside the. 
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Pseudohyperbolicity of the Lorenz attractor 

Classical Lorenz attractor 
- Was found by Lorenz in 1962 

 
 
 
 

 
b = 8/3, s = 10, r = 28 

 
 
 
 
 
 

 
 
 
 
 

 
 

 

- Theory was developed by Afraimovich, 
Bykov, Shilnikov [ABS77, ABS82] 
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Pseudohyperbolicity of the Lorenz attractor 

[GKT21] Gonchenko S., Kazakov A., Turaev D. Nonlinearity. (2021), 34(4), 2018. 10 



Pseudohyperbolicity of non-orientable Lorenz attractor 
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Shimizu-Morioka  
system 



Lorenz and Rovella attractors 
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D.V. Lyubimov, and M.A. Zaks. Two mechanisms of the transition 
to chaos in finite-dimensional models of convection. Physica 
D 9.1-2 (1983): 52-64. 

LA ς Lorenz attractor 
RA ς Lorenz quaisiattractor  
         (Rovella attractor) 

When D = 0 it is exactly the classical 
Lorenz model. 
 
O(0,0,0) ς saddle equilibrium with 
eigenvalues l2 < l1 < 0 < g 

 

 

 

 

 

n = -l1/ g - saddle index. 
 
 
 
 



Pseudohyperbolicity inside the LA-region 
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Point L: (D, r) = (0.03, 17) 



Violation of pseudohyperolicity above the curve lA=0 
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(D, r) = (0.02, 30) 
Above lA=0 



Violation of pseudohyperolicity beyond the curve ln=0 
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Point R: (D,r) = (0.05,17) 
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Wild spiral attractor [TS98] ς 
Pseudohyperbolic attractor of Cr-smooth flow in RN (N >= 4), which contains a 
saddle-focus equilibrium state with eigenvalues 

 
 
 
 
 
Geometrical model was build in [TS98] 
 
The first example was found [GKT21] in  
a 4D Lorenz system. 

 
[TS98] Turaev D., Shilnikov L.P. (1998) Sb. Math., 189, 291-314. 
[GKT21] Gonchenko S., Kazakov A., Turaev D. Nonlinearity. (2021), 34(4), 2018. 
 

 
 
 

Wild spiral attractor in 4D systems 



 
 
 

 

    

  

Ý (b) Lσ L4 dominated-splitting condition 

Ý (c) L1 Lн L3 > 0 ς volume-expanding 
condition 
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4D Lorenz system 

O(0, 0, 0, 0) ς saddle-focus 
Eigenvalues: 

Lyapunov exponents 

Conditions (b) and (c) are fulfilled 

Ý   dim(Ecu)=3, dim (Ess)=1   



Continuity of Ess and Ncu 
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No continuity of Ess and Ecu 



Lorenz-like attractors in maps 
Discrete Lorenz attractor 
- found in 2005 in [GOST05] 

Pseudohyperbolicity of the discrete Lorenz attractors discovered in the 3D Henon 
map [GOST05] was checked in [GKT21]  
 

[GOST05] S.V.Gonchenko, I.I.Ovsyannikov, C.Simo, D.Turaev. // IJBC, 15, 3493-3508 (2005) 
[GGKK18] Gonchenko A., Gonchenko S., Kazakov, A., Kozlov, A. (2018). IJBC, 28(11), 1830036. 
 

0 <B < 1  
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-1 < B < 0 

B = -0.8 

2-winged attractor 

4-winged attractor 

S. Gonchenko, 
I. Ovsyannikov, 
C. Simo, 
D. Turaev. 2005  

S. Gonchenko, A. Gonchenko, A. Kazakov, E. Samylina. Chaos, 2021 
20 
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(*) 
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2-winged Lorenz attractors in system (*) 

2D Poincare map 
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4-winged Lorenz attractor 
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Back to the 3D HŞnon map 
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ʉ <-> b 
A <-> a 



LECTURE 2. Hyperchaotic attractors 
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Hyperchaotic attractors 
Attractors characterizing by (at least)  
two-positive Lyapunov exponents  
L1 > 0, L2 > 0 
 
First example was given by Rossler in 1978 
 

Rossler, O. E. (1979). An equation for hyperchaos. Physics Letters A, 71(2-3), 155ς157. 

In this lecture we explain how such attractors appear from 
- A stable fixed point 
- From a chaotic attractor with only one positive Lyapunov 

exponent L1 > 0, L2 < 0 
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Periodic orbits inside a hyperchaotic attractor has the 
two-dimensional unstable invariant manifolds!  
We consider a one-parameter family of the 3D maps  
 
 
 
and describe bifurcations leading from the stable fixed point O to: 
(1) an attractor containing the point O with the 2D unstable manifold 
 

 
 
 
 
 
 
 

 
(2) An attractors whose orbits has L1 > 0, L2 > 0 in numerical experiments    
 

Hyperchaotic attractors can appear 
1. Lƴ ǎȅǎǘŜƳǎ ƻŦ h59 ǿƛǘƘ ŘƛƳ җ п 
2. In diffeomorphisms ǿƛǘƘ ŘƛƳ җ о 
3. In endomorphisms ǿƛǘƘ ŘƛƳ җ н 



Hyperchaotic Henon-like attractor: general outline 
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Hyperchaotic Henon-like attractor: detailed scenario 

32 
Shykhmamedov, Karatetskaia, Kazakov, Stankevich, Nonlinearity 2023 



Hyperchaotic Shilnikov attractor: general outline 

33 S. Gonchenko, A. Gonchenko, L.P. Shilnikov, Rus. Nonlin. Dyn, 2012 



Hyperchaotic Shilnikov attractor: detailed scenario 
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Hyperchaotic attractors in 3D Mira map 
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A, B, C ς parameters 
B is the Jacobian (det(J) = B) 
This map has up to 2 fixed points 
 
 
 
 
 
If to shift O+ to the origin we obtain 
The following map 
 

A 

In SH(1,2) the nonwandering set of the map is a hyperchaotic  
hyperbolic set consisting of saddle periodic orbits of (1,2)-type  
 



Lyapunov diagrams 
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B=0 (2D Mira map) 
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At A = B = 0 the two-dimensional aƛǊł endomorphism can be rewritten as a 
pair of uncoupled identical parabola maps  
u = 1 ς c u2, 
v = 1 ς c v2 

Hyperchaos at Ŏ Ғ 1.401155  
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B=0.1 
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Bifurcations along  
path EF 
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B=0.5 
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Bifurcations along  
path GH 



LECTURE 3. Spiral chaos 
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O ς equilibrium state 

Theorem: (Shilnikov, 1962) 
If  
then every neighborhood of ˥ 
contains infinitely many 
periodic orbits of saddle type 

˥ ς homoclinic orbit 

 ˥
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Shilnikov saddle-focus 



Homoclinic chaos in 3D Rossler system 
Rossler, 1976 

The Rossler model 


