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Chaoticattractors

Attractors characterizing by
LyapunowexponentsL ; XL, X

L,+L,b X <Hq attractor existence condition
L , > 0¢ chaoticitycondition

The Lorensystem, E. Lorenz, 1962
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E. Lorenz: ¢The present determines the future. However, the approximate
present does not determine the future even approximatelye



Chaotic attractors

L,+L,b X <Hq attractor existence condition
L , > 0¢ chaoticitycondition

N

Pseudohyperboliattractors Quasiattractors; one can never be
L, >0 for close systems sure thatchaoticity(L , >0) remains
(under perturbations, parameter changes) under perturbations

. Shimizu-Morioka system The Lorenz Rossler system

Pseudohypefhe o attractor
attractor ‘ \




Definition of pseudohyperbolicity

Definition 1. Let a compact set A be forward invariant with respect to an n-dimensional
C"-flow I (ie., F;(A) C A fort >0). The set A is called pseudohyperbolic if it possesses
the following properties.

1)

For each point x of A there exist two linear subspaces, E\(x) with dim E, = k and
Ey(xz) with dim Ey = n — k., which are invariant with respect to the differential DF
of the flow:

DR E (x) = Ei(Fi(x)), DEEy(x) = Ex(Fi(x)),
for allt > 0 and all z € A.

The subspaces E\(x) and E;(x) depend continuously on the pointx € A

The splitting to E, and Ey is dominated, i.e., there exist constants C' > 0 and 3 > 0

such that
||D-F}(:E) : ”[D.F:-_(;EHEI)_IH g Cﬁ—;‘it‘

for allt > 0 and all x € A. (This means that if we have a contraction in Ey(x),
then any possible contraction in E\(x) s uniformly weaker than the contraction in
Ey(x), and if we have an expansion in E\(x), then it is uniformly stronger than any
possible expansion in Ey(x)).

B, |

The linearized flow DF restricted to E, stretches k-dimensional volumes exponen-
tially, i.e., there exist constants C' > 0 and o > 0 such that

det(DF,(x)|g,) > Ce™
for allt > 0 and all x € A.
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Pseudohyperbolicity verification

Verification of conditiongb) and(c) of Def. 1 is
based on the analysis bffapunowexponents

L, L, E L, fora typica)sufficiently long
orbit in the attractor.
A Condition(c) of the volume expansion i
L, E L,>0
A Condition(b)
L k= L k+1

A For checking conditio(a) we computeLyapunov
covariant vectorsvhich form the subspaces
andE,.

[GKT21]Gonchenkds. KazakoA., TuraevD. Nonlinearity(2021), 34(4), 2018. 6



Verification of condition (a) of, and E continuity

Our method is work for:

A dimE,(x)) =1

A dimE,(x)) =n-1

In this case, it is convenient tse thestandardnotationsfrom hyperbolictheory
ES(x) € Ey(X)

A EYx)é EyX)

1. Verification of continuity oEs:

A Calculatesufficientlylongorbit in the attractor and store the points;xx2 x along
this orbit

A Go backward alonthe stored orblt(xm .~ N, Xalcilate the maximalyapunov
exponent(this exponent is equato -L )and store the correspondinigyapunov
vectors V(Y for each point x

=>For eaclfound pointx; on the orbit we know the vector v(} corresponding to the
strong contraction ¥ldo

A Calculate
dx dlst(xI ) and
d = angle?v@( V)
for each pair of points on the orbfk;x),
The results are shown on the graax(dj ).

o dx
1.5

2. Instead of checkinthe continuity ofE(x) we check the continuity of the
codimensionl subspac&¥(x) which is orthogonal t&(x).



Angles method for the verification of conditi¢a)

Instead of calculating continuity diagrams E#(x) and E°Y(X) it
IS possible to calculate the minimum angle between these
subspaces using theuptsovKuznetsovmethod. Thismethod
allowsto process much longarbits inside the.
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P. V. Kuptsov, “Fast numerical test of hyperbolic chaos,” Phys. Rev. E 85,015203 (2012).
P. V. Kuptsov and S. P. Kuznetsov, Regular Chaotic Dynamics 23, 908-932 (2018)



Pseudohyperbolicity of the Lorenz attractor

Classical Lorenz attractor - Theory was developed RAfraimovich
- Was found by Lorenz in 1962 Bykov ShilnikoABS77, ABS82]
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Pseudohyperbolicity of the Lorenz attractor

[GKT21JGonchenkd. Kazako\A., TuraevD. Nonlinearity(2021), 34(4), 2018. 10
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Lorenz andRovellaattractors | 3 and o= 10

x=0(y—x)HoDy(z— r)‘ " "
y=x(r—z)—y —
7 =xy—bz.

D,r,o, and b — parameters.

X——X, y—>—y, Z—Z

WhenD = (Oit is exactly the classical
Lorenz model 15
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Pseudohyperbolicity inside the itégion
Point L: (D, r) = (0.03, 17

p (a) M 5 iterations (b) | (c)
B 10 iterations
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Violation ofpseudohyperoh(:lt)above the curve,_,
(D, r) = (0.02, 30)
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Violation ofpseudohyperolicitypeyondthe curvel,_,
Point R: D,n = (0.05,17)
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Wild spiral attractor in 4D systems

Wild spiral attractor[TS98K
Pseudohyperboliattractor of C-smooth flow inRY(N >= 4)which contains a
saddlefocus equilibrium state with eigenvalues

v, —/\:t'i.-f.u'.; —N]yee.y—0p_3, \ .
7> 0,0 <A< Reay, _'1') vy
®

v > 2A.

Geometrical model was build in [TS98]

The first example was fourfGKP21] in
a 4D Lorenz system.

[TS98]TuraewD., Shilnikow..P. (1998%b. Math., 189, 29B814.
[GKT21[Gonchenkds. Kazako\A., TuraevD. Nonlinearity(2021), 34(4), 2018.




r .
T=o(y— ),
) y=il'(?“—2)—y,
z=uzy — bz + pw,
| w=—bw — pz,

r=250=10,b=8/3. u="1.

O(Q 0, 0, Ox saddlefocus
Eigenvalues

4D Lorenz system
Lyapunowexponents

AN =220,A =0,A3 = =196, Ay = —16.58.

4'"'11 + 4'"13 = .24 = 0.

Y (b)L,

Y ()L, L,
condition

A1 = 1093, \p3 = —8/3 £ Ti, Ay = —21.93

Y dimEY)=3 dim &9=1

_////7

Conditiong(b) and (c) are fulfilled

L , dominatedsplitting condition
L ;> 0¢ volumeexpanding

N\

17



Continuity ofEesand Nt
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Lorenzlike attractors in maps

Discrete Lorenz attractor Y,
- foundin 2005 iN[GOSTO5] z, 0<B<l

= M, + Bx + Myy — 22

N ] 8
|

Pseudohyperbolicity of the discrete Lorenz attractors discovered in tHede3ion
map [GOSTO05] was checked in [GKT21]
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[GGKK18FonchenkdA., Gonchenkds. KazakoyvA.,Kozloy A. (2018). 1JBE§(11), 1830036. 19
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2-winged attractor
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ForM,=7/4, M,=-1,B=-1,ithasa

Mn + Bz + Myy — 22 fixed point with multipliers (-1, i, -i)

Bifurcations of the fixed point with multipliers
(-1,i,-i) in this map lead to the birth of a 4-winged and

2-winged pseudohyperbolic Lorenz attractors.
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the normal form up to the term of order three
t=pz+x* -y —0.257° -0.5z(x* +y°)
x=—ax—-fy-0.5z(x—y)+0.5x’y+0.5xy° + z*(0.375x - 0.125Y)

y=pBx—ay+0.5z (x +y)+ 0.5x°y—0.5xy* + z° (O. 125x + O.375y)

21
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2-winged Lorenz attractors in system (*)
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4-winged Lorenattractor

>~ GF=LFLF=
BT =L (L)
B 24
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Back to the 3IHShonmap

[ _
L =Y,
§ ¥=272,
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LECTURE 2. Hyperchaotlc attracto

Hyperchaotic attractors
Attractors characterizing by (at least)
two-positiveLyapunowexponents
L,>0,L,>0

First example was given Rosslein 1978

X=—-y—2z,

y=x+ay+w, a=0.25b=3,c=0.5d=005
z=">b+ xz,
w = —cz + dw.
In this lecture we explain how such attractors appear from

- A stable fixed point
- From a chaotic attractor with only one positiligapunov

exponentL ;> 0,L,<0
RosslerO. E. (1979). An equation faoyperchaosPhysics Letters A, 718}, 155%157. 29



Hyperchaotic attractors can appear

1. LY &aeaidsSvya 2F hb5
2. Indiffeomorphismss A § K RA Y
3. Inendomorphism®& A G K RA Y

Periodic orbits inside a hyperchaotic attractor has *'“f‘

Y

two-dimensional unstable invariant manifolds! T
We consideila oneparameter family of the8D maps N

x=F(x,¢)

and describe bifurcations leadirigpm the stable fixed point o: y
(1) an attractor containing the poir@® with the 2D unstable manifold . 4 -

(2) An attractors whose orbits has > 0,L ,>0in numerical experiments 30



HyperchaotidHenonrlike attractor: general outline

31



HyperchaotidHenonlike attractor: detailed scenaric

saddle .~ .

Yo

32
Shykhmamedq\KaratetskaiaKazakoyStankevichNonlinearity 2023



HyperchaoticShilnikovattractor: general outline

(C)az{:::;:&:3 (-::I:ll1[-:_1«:.5:;:E4

S.GonchenkoA.GonchenkoL.PShilnikoy RusNonlin Dyn 2012 33



HyperchaoticShilnikovattractor: detailed scenario

saddle (2,1)

(c)

saddle-focus (1,2)
oY
0.0

(d)

34
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Bzr + Cy+ Az — y?
A, B, & parameters

B is theJacobiar(det(J) = B)
This map has up to 2 fixed pointio: | 7 ’NS

Hyperchaotic attractors in 3D Mira map

ME B:D.E

P

SH(1,2)
0+ (x+,y+,Z+) and O (x—,y_,Z—) S,El”/ ~] T -
X+ =V+ =3+ =
M2+B—1:|:\/(1_B_M2)z -5 "
2 o 5 10
If to shift Q to the origin we obtai M, B=0.5 ., M, B=0.8
The followina map
X=y 1 .
) — Z ______.--"' _______---"'
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In SH(1,2) theonwanderingset of themap isa hyperchaotic
hyperbolicset consisting of saddle periodic orbits of (#y)e




Lyapunowdiagrams

B A <o

B A =0A<0
A >0,A,<0
LA >0,A~0

B A>0,A>0

041y 0s5-Y P, P2
0.04 .
0.04
054
Pa
—0.44 .
Ps3
L
>104
-0.4 0.0 04 -10 -05 0.0 05

(a) (b)




B=0 (2D Mira map)

At A=B = (the two-dimensionala A Hddomorphism can be rewritten as a

pair of uncoupled identical parabola maps

u=1cc 3

v=1cc\

Hyperchaosit O 101155 37
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Bifurcations along
path EF
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LECTURE 3. Spiral chaos

. | ]
X = F(X,p), X € R?

O ¢ equilibrium state W
Adiw, A <0
v >0

= p* 1 ¢ homoclinic orbit
WS

Theorem (Shilnikoy 1962)

If p=A+~v>0,

then every neighborhood of
contains infinitely many
periodic orbits of saddle type



Shilnikov saddlgocus
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TheRosslemodel

Rossler1976

Homoclinicchaos in 30Rosslesystem



