Sobolev and spectral inequalities for orthonormal
systems in the theory of attractors Ill
Inequalities for systems with orthonormal
derivatives and applications

AA. llyin

Keldysh Institute of Applied Mathematics
and
Sirius Mathematical Centre

Seminar on International Cooperation in the Field of Dynamics
September 12-22
Lanzhou, China

AA.llyin (IPM) Inequalities for orthonormal systems 13 September, 2023 1/40



Damped/driven regularized Euler equations

We shall be dealing with the following approximation of the damped
Euler system, the so-called inviscid damped Euler—Bardina model

otu+ (U, VYu+~yu+Vp=g,

{ dvu=0, u0)=uy, o=(1-ald)'u

The system is studied for d = 2,3
1) on the torus Q = T9 = [0, L]¢ with standard zero mean condition;
2)in Q C RY;
3) on the sphere or in a domain on it Q C S?;
3)if Q ¢ RY or Q ¢ S?, then T|pq = 0 and U is recovered from u by
solving the Stokes problem

(1 —alA)u+Vg=u,

divu=0, Uu|pq=0.
Here o = /L% and o/ > 0 is a small dimensionless parameter, so that
u is a smoothed (filtered) vector field.
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The phase space with respect to U is the Sobolev space H' with
divergence free condition

H'(TY), xeT9 [.I(x)dx=0,
gecH ={ H'(RY), xcRY, divi = 0,
HI(Q), xeQgRYS?
and in terms of u, respectively,
ueH':=(1-AH"=H'"n{divu=0}.
We write the equation as an evolution equation in H':
oiu+ B(u,u)+~u =g,
dvu=0, w0)=uy, u=(1—-ad)u,
where
B(w,v) = (1 — anA)'N((a, V)v),
N — is the Helmholtz—Leray projection, NA — is the Stokes operator.

AA. llyin (IPM) Inequalities for orthonormal systems 13 September, 2023 3/40



Sharp upper bounds for the dimension of attractor

Theorem

Letd = 2. In each case of BC the system possesses a global attractor
«/ & H' with finite fractal dimension satisfying

1 o llgllz, 2 2 @2
— min | || rot g||72, , xeT= RS
_ 1 avy? 2a
dimpof < — -
8

B2 A x e Qg R2S2

In the 3D case the estimates in all three cases look formally the same

1 2
e oy < 1 Nl

3 3 3
= 127 a5/2,4° xeT’ xeR’ xeQgR.

AA. llyin (IPM) Inequalities for orthonormal systems 13 September, 2023 4/40



Kolmogorov flows and lower bounds

The lower bounds are based on the on the instability analysis of the
generalized Kolmogorov flows. Let

9s(x2) = (YA(S) sin sx2,0) 7, 9s(x3) = (YA(S) sin sx3,0,0)7

be the right-hand sides in our system on T2 = [0, 27]? and
TS = [0,27r]3, respectively. Here s € N, s > 1, and ) is the amplitude.
The corresponding staionary solutions are

us(x2) = (A(8)sinsx2,0)7,  us(x3) = (A(S)sin sx3,0,0)7,

since the nonlinear term vanishes on them.
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Theorem
For A\ > X(s), where

1+ as?)?
A(s) = C1’Y(s)a

and c; are absolute (effectively computable) constants the stationary
solutions are unstable and

dim M (ug) > 8%, d =2;  dim M"™(us) > ¢38°, d = 3.

Corollary
) (H rot gs|%, ||gs|ri2> -
4 0 2.4 | ;
. ary azy
dimr o/ > cg »
AR ;
m, X 6 T .

A

= = = = =
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Systems with orthonormal derivatives. E. Lieb 1983

Estimating the N-trace of the linearized operator we naturally come to
systems of functions {w/-}j’i1 € H' that are orthonormal wrt

mP (Wi, ) + (Vi Viy) = 6, m>0 (%)

and we need bounds for the L,-norms of the function

N
p(x) = (0P
j=1
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Theorem

Let {y;}} 1 € H'(RY) satisfy (x). We set p(x) = SN ()2, Then
Nd=1 |pll. <L/m,

1\ P-1/p
2d=2 |, < Bm 2PN By< (L) (p- 1)

4n
3)d >3 |pllLy s < AN/ m>o0.

where

1\ (P=1/p » 2/d d
L=1, Bp < <47T> (P - 1)(p )/p’ Ag < Lo,d ﬁ
and Ly 4 is the constant in the Cwikel-Lieb—Rozenblum inequality

N, -A — V)< Lgg / V(x)9/2dx.
Rd

= = = =
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For d = 1 we have the inequality ||| < ||¥|[|¢'||, which saturates at
Y(x) = el*l. Therefore for u(x) = Zj’\; &vj(x) it holds for a fixed x € R

2
N

(ZQ%‘(X)) < JlullZ, < lulll
j=1

1 (N 2 /N 1/2
m(z(5f5f(m¢nm¢f)) (foajw,’-,w,’-)) <

ij=1 ij=1

] N 1/2 N 1/2 1 N
2(29) (T4) -ate
=1 =1 =1

since both systems {my;}I, {¢/} | are suborthonormal. Setting

& = i(x) gives
Zw, g
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For d = 2 we have

N
> lyl?
j=1

1\ (P-1/p
< <> (p—1)P=1/Pm=2/PN1/P,
47
Lp

Setting N = 1 here, this inequality gives for a function ) € H'(R?) and

7= Y
(m2|[p]|2 +[[Ve)|[2)1/2

the following multiplicative inequality

1\ (@-2)/29 g\ 1/2 »
_ bl /q 1-2/q —
< (4) (3)" WEaITel e, g=2pe R.o0)

which gives nothing new in R? and is known even with a better
constant.
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The Sobolev inequality in R? (RY)
IF1Z, < Co(IFI1P + IVF1P), g=2, |-l =1l Iz
can be written in the Garliardo—Nirenberg form by scaling x — ex:
I£IZ, < Cqle72IIfI2 + 3|V 12).

Optimizing in € we obtain

q/2 4 _4
I8, < Corg g sz 119,

To go other way round we use the arithmetic-geometric mean
inequality

ab'? <va+(1-0)b,
So that Sobolev inequalities in additive and multiplicative form are
equivalent.
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Theorem (Sh.M. Nasibov, E.Lieb—M.Loss)
For f € H'(R?) it holds

Iflla < cqllfIZIIVHT2/9, g€ [2,00).

where (@22
1\ 97929 g\ 1/2
%S <47r) (2)

or even

o< (N (9)'" _dooe

7= \4r 2/ (q-N@n/a
and
q(a-2/q _ qa-2/q

m <1 qc (2, OO) and qﬁélf(?ﬁoo m =1.

v
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Proof. By Huasdorff—Young inequality
_g9=2 ~
Il < (@m) 9 || fll ¢ =

oz ~ _
= (2m) " @ [|(I2 + mP) ERE) (1€ + mP) TV e <
< @) T (6P + 1) 2 F 2 €2 + mP) 1/ZIIL%-
Calculating the integral (note that g/(q — 2) > 1)
29 d —2
R e A B e e
a2 JR2 (|¢]2 4 mP)az
we obtain
2 -2 =z 2 211 £112
1115 < (87) "% (@ —2)"F m~a (|VF|2 + m2|f]?).

Choosing optimal m
o2 |V
m 2
q-2 |f]

gives the first estimate.
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The second estimate follows from the sharp form of the
Hausdorff-Young inequality (Babenko—Beckner)

11
1] o(ray < <(27r)p q

o ‘Q
P

o=

9z 1 1
> 1fllarey, P =2,
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-]
Sharp constant M.Weinstein 1983

The sharp constant ¢q is given by
1
_ {9\ 1
o= (3)" PN
HS0HL2(]R2)

where ¢ is the smooth positive decreasing solution of the
Euler—Lagrange equation

-2
T CAp—p+¢91 =0, xcR?

2
with minimal L2-norm. Then ¢(x) = ¥(|x|) = +(r), and
/" 1 / 2 — /
Vb = g (o) e (000, w(0)=a v(0)=0.

Here +'(0) = 0 in view of smoothness in x, and the problem is to find
a (uniquie) initial value a, for which there exists the solution with finite
Lo-norm.
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—
q = 4 Ladyzhenskaya inequality

1y < callfl"2( V]2,
The sharp constant

1 7 1 i
4= <7r- 1.86225...) - (5.8504309) ’

while both estimates in the theorem give

1\ # 16 \+ 1 i
“a<\z) “<\7727) ~\5301437604 )

FNEN
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= a* =2.206200864 ... (red), x/(0) = 3 (green) ?
¥(0) = 0.5 (black), g = 4.

Wy = (6 -0), re(000), ¥(0)=a ¥(0) =0

.
l*||2 —/ W*(r)?rdr =1.8622556. .. .
0
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|
T2 = [0, Lper % [0, L]per

Theorem
It holds for vy € H'(T?)

[llea < cqll IV 729, q € [2,00), T2¢(X)dx =0

where (by notational definition) sharp constant c, satisfies

1\ (@-2)/29 1/2
cg<|-— (ﬂ) .
47 2
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Proof. L = 27. The Fourier series p(x) = Znezg ane™". Parseval’s
identity and thye fact that |e*"| = 1 give
lelle =2rllalle,  [lelle < lallp-

By the Riesz—Thorin theorem this gives the Hausdorff—Young
inequality for the Fourier series

11
< (@2n)?Plalg, —-+-=1, p>2.
lelle < (2m)/Plall1a »t g p

Foranm> 0
lellee < (27)%/Pallje =
= (2m)2/P||(m? + |n2)~V/2 - (mP + |n?)2ay|| . <

1 1/r
< (2w>2/P(Z WW) 1(m? + [n[2)1 /2 an||| o,

nezz

A

1,1 _
where | + 5 = fsothat’ 1+ 2>1
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Using the key estimate for the series over zg

<Z (mz+1\n|2)5>1< ((r/2— 17;m2(5—1>)1 = <7T(,32_2)>P,, ms

2
nezy

and taking into account

1
m?—0)V2p|2 = 5 (mP|lo| 2+ VellZ)

2 2\1/2 2 _
I+ 1n[2)"/2 a2 = p—

1
e
we obtain

p—2
p—2\2» _ 1/2
ol < (&T) m—2/pP (m2||90||%2 + ||V<PHE2) , p=2

Changing p to 2p, we obtain

p—1

p- 1\, ]
ol < (B0) 7 (P 2Pliol? + m2eIvel?) . p 1

and the result follows by taking the optimal m.
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Lemma

Forp>1andm>0

_ (p—1)mP~D 1
Ip(m) := . Z (m2 + |n|2)P <1
nezd

It suffices to show that

d
Ip(0) =1 and d—mlp(m) >0 form>0.

Ovserve that

(p— 1)m?(P-1) adx _
™ e (M2 + |x[2)P
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_ 2(p—1) poo 5
Io(m) = (o= mr P 7:2?;);) /0 xP~1e™ X (95(e7) — 1) dx,

where 63(q) is the Jacobi theta function

The key functional identity

1 oo
0= w0 e™ = 3 e

Write the series in terms of ¢ and change m?x — x:

wim) = ) [ (2 () ) o

g [ (o (7))
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This is suitable for differentiation

e(m) = 20 [" 5 e (220 ()¢ (1) 4 1) o

where y = y(x) := 1m?/x. We shall prove monotonicity if we show
that

2y%0(y)¢'(y)+1>0, yeR..
Recall that
©(x) == O3(e7™) Z e ™
n=—oo

This condition is independent of p!
Since ¢'(y) — 0 as y — oo very fast it is easy to verify this condition

for large y (y > ). For small y < = we use ¢(y) = ‘P(VT;).
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N
Elongated torus T2 = [0, L] x [0, L/a], o < 1

Let cqg = cq4(1) be the constant in
Ifllee < cqlifI/VE2/9, g € [2,00).

And let 1/« be interger. Then on T2
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82

Interpolation inequality on S¢ (W.Beckner 1993):

q_2 2 2 q 2/4
92 [ vedust [ lelPdu= ([ o) .
Sd S Sd

Here du is the normalized Lebesque measure on S¢:

do do

d+1
2

N

T

d+1
(%

-
~

so that 1(S9) = 1 (the gradient is with respect to the natural metric).
Next, g € [2,00) ford =1,2,and q € [2,2d/(d — 2)] for d > 3.
The remarkable fact is that (q — 2)/d is sharp for all admissible g.
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The inequality

q- 2 2 2 q 2/4
4z / Veldu+ [ eRduz ([ 1el%dn)
sd sd sd

clearly degenerates and turns into the equality on constants. The fact
that the constant (q — 2)/d is sharp is verified by means of the
minimizing sequence ¢.(s) = 1 + cv(s) as € — 0, where v(s) is the
eigenfunction of the Laplacian on S?, corresponding to the first positive
eigenvalue d.

One cannot get a multiplicative inequality out of it.
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]
Main result for S@

Theorem

Let a system of zero-mean functions {;}]_; € H(S?) be orthonormal
wrt the scalar product

m? (i @) + (Vei, Vigj) = by
Then for1 < p < oo the function

n

p(x) =Yl

j=1
satisfies

—_1\(P-1/p
Iplle < Bpm™2/Pn/P where B, < <p4 1> :
T

i = - — T~
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Corollary
For p € H'(S?) it holds:

g-2
1\ 2@ ,qy\1/2 -
el < (72) " () IelE/o1wel 2o, q=2.

If n =1 the inequality in the theorem becomes
lplZ < Bp (M 2Pl + m2P|Vg|?) .
Optimization wrt m gives

p _
el < Bpm|’@||2/p\|v<ﬂ||2 2/p

1\ P-1/p 2/ "y
~(3=)  plelTelr2e,

which is what we need if we set 2p =: q.
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Vector inequality on S?

Corollary
LetQ C S? be an arbirtary domain. Let u € H\(Q) and divu = 0. Then:

q—2

1\ 2 /q\1/2

UllLaq < - HUH2/ HC"H‘IUH1 2/ 3 C)ZZ
( ) 47T 2
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Key estimate for the series

Lemma

Forp > 1 and m > 0 it holds

> 2n+ 1
2(p— 1)
Jp(m) := ,,21 M+ n(n £ 1)) < 1.

Euler—Maclaurin summation formula.
Computer shows that for each p tested there is monotonicity. If
monotonicity is there, then there is nothing more to prove, since

Jp(o0) = 1.
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Proof
A =divVon $?:
—AYK=n(n+1)YX, k=1,....2n+1, n=0,1,2,....

The YK’s are orthonormal eigenfunctions and each eigenvalue
An = n(n+ 1) has myltiplicity 2n + 1.
The important identity: s € S?

zi‘ V(s _2n+1

47

Two operators
H = V1/2(m2 _ A)_1/2|_|, H* = I—I(m2 o A)_1/2 V1/2,

where V € P, p>1, V(s) > 0.
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I is the projection on zero-mean functions:
1
Ne=p—— :
p=v=g [, oods

Then K = H*H is a compact self-adjoint operator in L?(S?) and for
r=p =p/(p—1) € (1,0) it holds

K" = Tr (N(mP — &)~V2V(n A)*Vzrl)r
< Tr (N(m? — &)~V (m? — &)~"72n)
—Tr (V’(m2 . A)*fn) :
where we used Araki—Lieb—Thirring inequality for traces:
Tr(BA2B)P < Tr(BPAPBP), p=>1,

the cyclicity property of the trace, and the fact that the projection 1
commutes with the Laplacian. Using the above identity we obtain
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TrK <Tr (Vr(m2 - A)"I‘I)

oo 2n+1 1 . )
— V(s ;; BT T Y&(s)2do

f§~ 2n+d 1 m20-1)
4 ; (m2 4+ n(n+1))" /Sz (s)'do < - ———IIVIL-

We can now proceed as in (Lieb 1983). Recall that
H = V'2(m? — A)~'/2N. Therefore

/ p(s)V(s)do = / S lei(s)BV(s)do = 3 w2,
s = i=1

where
wj:(mz—A)Vngj, j:1,...,n.
The 's are orthonormal in L2:
(Wi y) = (i, (MP = D)) = mMP (i, 05) + (Vi Vigg) =i,
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Variational principle gives that

n

Z [ Hpi 2, = Z(K¢ia¢i) < ZA/‘,
e e

i=1
where \; > 0 are the eigenvalues of K. Therefore

n
/SZ p(s)V(s)do <> N < n'/P(Tr K"

i=1

(p=1)/p
1 p—1
<n'/P <47rm?/(P—1)> IVl Loso-1)

; o (P —1 (p—1)/p
= n'/Pm~2/P <4W> IVl s

Finally, setting V(x) = p(x)P~! we obtain

p—1 >(p1)/p

lplle < Bpm=2/Pn'/P. where Bp < ( "
7
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Conjecture

1) Is it true that

2) Is there an extremal function on the torus and on the sphere?
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Two main estimates

Jp(m) := mP(P~1) Z 2n+1 <1 on §?

They model the equality in R?

(p— 1)m2(P—1)/ ax B
™ Rz (M2 + |x[2)P
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Thank you for your attention
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