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Damped/driven regularized Euler equations

We shall be dealing with the following approximation of the damped
Euler system, the so-called inviscid damped Euler–Bardina model{

∂tu + (ū,∇)ū + γu +∇p = g,
div u = 0, u(0) = u0, ū = (1 − α∆)−1u.

The system is studied for d = 2,3
1) on the torus Ω = Td = [0,L]d with standard zero mean condition;
2) in Ω ⊆ Rd ;
3) on the sphere or in a domain on it Ω ⊆ S2;
3) if Ω ⊊ Rd or Ω ⊊ S2, then ū|∂Ω = 0 and ū is recovered from u by
solving the Stokes problem{

(1 − α∆)ū +∇q = u,
div ū = 0, ū|∂Ω = 0.

Here α = α′L2 and α′ > 0 is a small dimensionless parameter, so that
ū is a smoothed (filtered) vector field.
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The phase space with respect to ū is the Sobolev space H1 with
divergence free condition

ū ∈ H1 :=


Ḣ1(Td), x ∈ Td ,

∫
Td ū(x)dx = 0,

H1(Rd), x ∈ Rd ,

H1
0(Ω), x ∈ Ω ⊊ Rd , S2

div ū = 0,

and in terms of u, respectively,
u ∈ H−1 := (1 −∆)H1 = H−1 ∩ {div u = 0}.
We write the equation as an evolution equation in H1:

∂t ū + B(ū, ū) + γū = ḡ,
div ū = 0, ū(0) = ū0, u = (1 − α∆)ū,

where
B(ū, v̄) = (1 − αΠ∆)−1Π((ū,∇)v̄),

Π — is the Helmholtz–Leray projection, Π∆ — is the Stokes operator.
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Sharp upper bounds for the dimension of attractor

Theorem
Let d = 2. In each case of BC the system possesses a global attractor
A ⋐ H1 with finite fractal dimension satisfying

dimF A ≤ 1
8π

·


1
αγ4 min

(
∥ rotg∥2

L2 ,
∥g∥2

L2

2α

)
, x ∈ T2,R2,S2

∥g∥2
L2

2α2γ4 , x ∈ Ω ⊊ R2,S2.

In the 3D case the estimates in all three cases look formally the same

dimF A ≤ 1
12π

∥g∥2
L2

α5/2γ4 , x ∈ T3, x ∈ R3, x ∈ Ω ⊊ R3 .
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Kolmogorov flows and lower bounds

The lower bounds are based on the on the instability analysis of the
generalized Kolmogorov flows. Let

gs(x2) = (γλ(s) sin sx2,0)T , gs(x3) = (γλ(s) sin sx3,0,0)T

be the right-hand sides in our system on T2 = [0,2π]2 and
T3 = [0,2π]3, respectively. Here s ∈ N, s ≫ 1, and λ is the amplitude.
The corresponding staionary solutions are

us(x2) = (λ(s) sin sx2,0)T , us(x3) = (λ(s) sin sx3,0,0)T ,

since the nonlinear term vanishes on them.
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Theorem
For λ ≥ λ(s), where

λ(s) = c1γ
(1 + αs2)2

s
,

and ci are absolute (effectively computable) constants the stationary
solutions are unstable and

dimMun(us) ≥ c2s2, d = 2; dimMun(us) ≥ c3s3, d = 3.

Corollary

dimF A ≥ c6


max

(
∥ rotgs∥2

L2

αγ4 ,
∥gs∥2

L2

α2γ4

)
, x ∈ T2,

∥gs∥2
L2

α5/2γ4 , x ∈ T3.
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Systems with orthonormal derivatives. E. Lieb 1983

Estimating the N-trace of the linearized operator we naturally come to
systems of functions {ψj}N

j=1 ∈ H1 that are orthonormal wrt

m2(ψi , ψj) + (∇ψi ,∇ψj) = δij , m > 0 (∗)

and we need bounds for the Lp-norms of the function

ρ(x) =
N∑

j=1

|ψj(x)|2.
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Theorem

Let {ψj}N
j=1 ∈ H1(Rd) satisfy (∗). We set ρ(x) =

∑N
j=1 |ψj(x)|2. Then

1) d = 1 ∥ρ∥L∞ ≤ L/m,

2) d = 2 ∥ρ∥Lp ≤ Bpm−2/pN1/p, Bp ≤
(

1
4π

)(p−1)/p

(p − 1)(p−1)/p

3) d ≥ 3 ∥ρ∥Ld/(d−2) ≤ AdN(d−2)/d , m ≥ 0.

where

L = 1, Bp ≤
(

1
4π

)(p−1)/p

(p − 1)(p−1)/p, Ad ≤ L2/d
0,d

d
d − 2

and L0,d is the constant in the Cwikel–Lieb–Rozenblum inequality

N(0,−∆− V ) ≤ L0,d

∫
Rd

V (x)d/2dx .
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For d = 1 we have the inequality ∥ψ∥2
L∞

≤ ∥ψ∥∥ψ′∥, which saturates at
ψ(x) = e|x |. Therefore for u(x) =

∑N
j=1 ξjψj(x) it holds for a fixed x ∈ R N∑

j=1

ξjψj(x)

2

≤ ∥u∥2
L∞ ≤ ∥u∥∥u′∥

=
1
m

 N∑
i,j=1

(ξiξj(mψi ,mψj)

1/2 N∑
i,j=1

ξiξj(ψ
′
i , ψ

′
j )

1/2

≤

1
m

 N∑
j=1

ξ2
j

1/2 N∑
j=1

ξ2
j

1/2

=
1
m

N∑
j=1

ξ2
j ,

since both systems {mψj}N
j=1, {ψ′

j}N
j=1 are suborthonormal. Setting

ξi = ψi(x) gives
N∑

j=1

ψj(x)2 ≤ 1
m
.
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For d = 2 we have∥∥∥∥∥∥
N∑

j=1

|ψj |2
∥∥∥∥∥∥

Lp

≤
(

1
4π

)(p−1)/p

(p − 1)(p−1)/pm−2/pN1/p.

Setting N = 1 here, this inequality gives for a function ψ ∈ H1(R2) and

ψ̃ =
ψ

(m2∥ψ∥2 + ∥∇ψ∥2)1/2

the following multiplicative inequality

∥ψ∥Lq ≤
(

1
4π

)(q−2)/2q (q
2

)1/2
∥ψ∥2/q∥∇ψ∥1−2/q, q = 2p ∈ [2,∞),

which gives nothing new in R2 and is known even with a better
constant.
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The Sobolev inequality in R2 (Rd )

∥f∥2
Lq

≤ Cq(∥f∥2 + ∥∇f∥2), q ≥ 2, ∥ · ∥ := ∥ · ∥L2 .

can be written in the Garliardo–Nirenberg form by scaling x → εx :

∥f∥2
Lq

≤ Cq(ε
4
q −2∥f∥2 + ε

4
q ∥∇f∥2).

Optimizing in ε we obtain

∥f∥2
Lq

≤ Cq
q/2

(q/2 − 1)1−2/q ∥f∥
4
q ∥∇f∥2− 4

q .

To go other way round we use the arithmetic-geometric mean
inequality

aθb1−θ ≤ θa + (1 − θ)b,

So that Sobolev inequalities in additive and multiplicative form are
equivalent.
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Theorem (Sh.M. Nasibov, E.Lieb–M.Loss)

For f ∈ H1(R2) it holds

∥f∥Lq ≤ cq∥f∥2/q∥∇f∥1−2/q, q ∈ [2,∞).

where

cq ≤
(

1
4π

)(q−2)/2q (q
2

)1/2
,

or even

cq ≤
(

1
4π

)(q−2)/2q (q
2

)1/2 q(q−2)/q

(q − 1)(q−1)/q ,

and

q(q−2)/q

(q − 1)(q−1)/q < 1 q ∈ (2,∞) and lim
q→2,q→∞

q(q−2)/q

(q − 1)(q−1)/q = 1.
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Proof. By Huasdorff–Young inequality

∥f∥Lq ≤ (2π)−
q−2

q ∥f̂∥Lq′ =

= (2π)−
q−2

q ∥(|ξ|2 + m2)1/2 f̂ (ξ)(|ξ|2 + m2)−1/2∥Lq′ ≤

≤ (2π)−
q−2

q ∥(|ξ|2 + m2)1/2 f̂∥L2∥|ξ|2 + m2)−1/2∥
L

2q
q−2

.

Calculating the integral (note that q/(q − 2) > 1)

∥(|ξ|2 + m2)−1/2∥
2q

q−2

L
2q

q−2
=

∫
R2

dξ

(|ξ|2 + m2)
q

q−2
= π

q − 2
2

m− 4
q−2 ,

we obtain

∥f∥2
Lq ≤ (8π)−

q−2
q (q − 2)

q−2
q m− 4

q

(
∥∇f∥2 + m2∥f∥2

)
.

Choosing optimal m

m2 =
2

q − 2
∥∇f∥2

∥f∥2

gives the first estimate.
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The second estimate follows from the sharp form of the
Hausdorff-Young inequality (Babenko–Beckner)

∥f∥Lp(Rd ) ≤

(
(2π)

1
p−

1
q

q
1
q

p
1
p

)d/2

∥f̂∥Lq(Rd ), p ≥ 2,
1
p
+

1
q
= 1
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Figure: Graph of the Babenko–Beckner correction term q → q(q−2)/q

(q−1)(q−1)/q .
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Sharp constant M.Weinstein 1983

The sharp constant cq is given by

cq =
(q

2

) 1
q · 1

∥φ∥
1− 2

q

L2(R2)

,

where φ is the smooth positive decreasing solution of the
Euler–Lagrange equation

q − 2
2

∆φ− φ+ φq−1 = 0, x ∈ R2

with minimal L2-norm. Then φ(x) = ψ(|x |) = ψ(r), and

ψ′′ +
1
r
ψ′ =

2
q − 2

(
ψ − ψq−1

)
, r ∈ (0,∞), ψ(0) = a, ψ′(0) = 0.

Here ψ′(0) = 0 in view of smoothness in x , and the problem is to find
a (uniquie) initial value a, for which there exists the solution with finite
L2-norm.
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q = 4 Ladyzhenskaya inequality

∥f∥L4 ≤ c4∥f∥1/2∥∇f∥1/2.

The sharp constant

c4 =

(
1

π · 1.86225 . . .

) 1
4

=

(
1

5.8504309

) 1
4

,

while both estimates in the theorem give

c4 <

(
1
π

) 1
4

, c4 <

(
16

π · 27

) 1
4

=

(
1

5.301437604

) 1
4

.
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Figure: Solutions: ψ(0) = a∗ = 2.206200864 . . . (red), ψ(0) = 3 (green) ?
ψ(0) = 0.5 (black), q = 4.

ψ′′ +
1
r
ψ′ =

(
ψ − ψ3

)
, r ∈ (0,∞), ψ(0) = a, ψ′(0) = 0.

∥ψ∗∥2
r =

∫ ∞

0
ψ∗(r)2r dr = 1.8622556 . . . .
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T2 = [0,L]per × [0,L]per

Theorem

It holds for ψ ∈ Ḣ1(T2)

∥ψ∥Lq ≤ cq∥ψ∥2/q∥∇ψ∥1−2/q, q ∈ [2,∞),

∫
T2
ψ(x)dx = 0

where (by notational definition) sharp constant cq satisfies

cq ≤
(

1
4π

)(q−2)/2q (q
2

)1/2
.
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Proof. L = 2π. The Fourier series φ(x) =
∑

n∈Z2
0

aneix ·n. Parseval’s

identity and thye fact that |eix ·n| = 1 give

∥φ∥L2 = 2π∥a∥l2 , ∥φ∥L∞ ≤ ∥a∥l1 .

By the Riesz–Thorin theorem this gives the Hausdorff–Young
inequality for the Fourier series

∥φ∥Lp ≤ (2π)2/p∥a∥lq ,
1
p
+

1
q
= 1, p ≥ 2.

For an m > 0

∥φ∥Lp ≤ (2π)2/p∥a∥lq =

= (2π)2/p∥∥(m2 + |n|2)−1/2 · (m2 + |n|2)1/2an
∥∥

lq ≤

≤ (2π)2/p
(∑

n∈Z2
0

1
(m2 + |n|2)r/2

)1/r

∥(m2 + |n|2)1/2|an|∥l2 ,

where 1
r + 1

2 = 1
q , so that r

2 = 1 + 2
p−2 > 1.
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Using the key estimate for the series over Z2
0(∑

n∈Z2
0

1

(m2 + |n|2)
r
2

) 1
r

<

(
π

(r/2 − 1)m2( r
2−1)

) 1
r

=

(
π(p − 2)

2

) p−2
2p

m− 2
p

and taking into account

∥(m2+|n|2)1/2|an|∥2
l2 =

1
4π2 ∥(m

2−∆)1/2φ∥2 =
1

4π2 (m
2∥φ∥2

L2+∥∇φ∥2
L2)

we obtain

∥φ∥Lp ≤
(

p − 2
8π

) p−2
2p

m−2/p
(

m2∥φ∥2
L2 + ∥∇φ∥2

L2

)1/2
, p ≥ 2.

Changing p to 2p, we obtain

∥φ∥2
L2p ≤

(
p − 1

4π

) p−1
p (

m2−2/p∥φ∥2 + m−2/p∥∇φ∥2
)
, p ≥ 1,

and the result follows by taking the optimal m.
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Lemma

For p > 1 and m ≥ 0

Ip(m) :=
(p − 1)m2(p−1)

π

∑
n∈Z2

0

1
(m2 + |n|2)p < 1.

It suffices to show that

Ip(∞) = 1 and
d

dm
Ip(m) > 0 for m > 0.

Ovserve that

(p − 1)m2(p−1)

π

∫
R2

dx
(m2 + |x |2)p = 1.
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Ip(m) =
(p − 1)m2(p−1)

πΓ(p)

∫ ∞

0
xp−1e−m2x(θ2

3(e
−x)− 1

)
dx ,

where θ3(q) is the Jacobi theta function

θ3(q) =
∞∑

n=−∞
qn2

.

The key functional identity

φ(x) =
φ(x−1)√

x
, φ(x) := θ3(e−πx) =

∞∑
n=−∞

e−πxn2
.

Write the series in terms of φ and change m2x → x :

Ip(m) =
(p − 1)
πΓ(p)

∫ ∞

0
xp−1e−x

(
m−2φ2

( x
πm2

)
− m−2

)
dx =

=
(p − 1)
πΓ(p)

∫ ∞

0
xp−1e−x

(
π

x
φ2
(
πm2

x

)
− m−2

)
dx .
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This is suitable for differentiation

d
dm

Ip(m) =
2(p − 1)
πΓ(p)m3

∫ ∞

0
xp−1e−x

(
2y2φ (y)φ′ (y) + 1

)
dx ,

where y = y(x) := πm2/x . We shall prove monotonicity if we show
that

2y2φ(y)φ′(y) + 1 ≥ 0, y ∈ R+.

Recall that

φ(x) := θ3(e−πx) =
∞∑

n=−∞
e−πxn2

.

This condition is independent of p !
Since φ′(y) → 0 as y → ∞ very fast it is easy to verify this condition
for large y (y > π). For small y ≤ π we use φ(y) = φ(y−1)√

y .
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Elongated torus T2
α = [0,L]× [0,L/α], α ≪ 1

Let cq = cq(1) be the constant in

∥f∥Lq ≤ cq∥f∥2/q∥∇f∥1−2/q, q ∈ [2,∞).

And let 1/α be interger. Then on T2
α

cq(α) = cq(1)
(

1
α

) q−2
2q

.
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S2

Interpolation inequality on Sd (W.Beckner 1993):

q − 2
d

∫
Sd

|∇φ|2dµ+

∫
Sd

|φ|2dµ ≥
(∫

Sd
|φ|qdµ

)2/q

.

Here dµ is the normalized Lebesque measure on Sd :

dµ =
dσ
σd

=
dσ

2π
d+1

2

Γ( d+1
2 )

,

so that µ(Sd) = 1 (the gradient is with respect to the natural metric).
Next, q ∈ [2,∞) for d = 1,2, and q ∈ [2,2d/(d − 2)] for d ≥ 3.
The remarkable fact is that (q − 2)/d is sharp for all admissible q.
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The inequality

q − 2
d

∫
Sd

|∇φ|2dµ+

∫
Sd

|φ|2dµ ≥
(∫

Sd
|φ|qdµ

)2/q

.

clearly degenerates and turns into the equality on constants. The fact
that the constant (q − 2)/d is sharp is verified by means of the
minimizing sequence φε(s) = 1 + εv(s) as ε→ 0, where v(s) is the
eigenfunction of the Laplacian on Sd , corresponding to the first positive
eigenvalue d .

One cannot get a multiplicative inequality out of it.
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Main result for S2

Theorem

Let a system of zero-mean functions {φj}n
j=1 ∈ Ḣ1(S2) be orthonormal

wrt the scalar product

m2(φi , φj) + (∇φi ,∇φj) = δij .

Then for 1 ≤ p <∞ the function

ρ(x) :=
n∑

j=1

|φj(x)|2

satisfies

∥ρ∥Lp ≤ Bpm−2/pn1/p, where Bp ≤
(

p − 1
4π

)(p−1)/p

.
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Corollary

For φ ∈ Ḣ1(S2) it holds:

∥φ∥Lq(S2) ≤
(

1
4π

) q−2
2q (q

2

)1/2
∥φ∥2/q∥∇φ∥1−2/q, q ≥ 2.

If n = 1 the inequality in the theorem becomes

∥φ∥2
L2p ≤ Bp

(
m2−2/p∥φ∥2 + m−2/p∥∇φ∥2

)
.

Optimization wrt m gives

∥φ∥2
L2p ≤ Bp

p
(p − 1)(p−1)/p ∥φ∥

2/p∥∇φ∥2−2/p

=

(
1

4π

)(p−1)/p

p ∥φ∥2/p∥∇φ∥2−2/p,

which is what we need if we set 2p =: q.
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Vector inequality on S2

Corollary

Let Ω ⊆ S2 be an arbirtary domain. Let u ∈ H1
0(Ω) and div u = 0. Then:

∥u∥Lq(Ω) ≤
(

1
4π

) q−2
2q (q

2

)1/2
∥u∥2/q∥ curl u∥1−2/q, q ≥ 2.
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Key estimate for the series

Lemma

For p > 1 and m ≥ 0 it holds

Jp(m) := m2(p−1)(p − 1)
∞∑

n=1

2n + 1
(m2 + n(n + 1))p < 1.

Euler–Maclaurin summation formula.
Computer shows that for each p tested there is monotonicity. If
monotonicity is there, then there is nothing more to prove, since

Jp(∞) = 1.
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Proof

∆ = div∇ on S2 :

−∆Y k
n = n(n + 1)Y k

n , k = 1, . . . ,2n + 1, n = 0,1,2, . . . .

The Y k
n ’s are orthonormal eigenfunctions and each eigenvalue

Λn := n(n + 1) has myltiplicity 2n + 1.
The important identity: s ∈ S2

2n+1∑
k=1

Y k
n (s)

2 =
2n + 1

4π
.

Two operators

H = V 1/2(m2 −∆)−1/2Π, H∗ = Π(m2 −∆)−1/2V 1/2,

where V ∈ Lp, p > 1, V (s) ≥ 0.
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Π is the projection on zero-mean functions:

Πφ = φ− 1
4π

∫
S2
φ(s)dσ.

Then K = H∗H is a compact self-adjoint operator in L2(S2) and for
r = p′ = p/(p − 1) ∈ (1,∞) it holds

TrKr = Tr
(
Π(m2 −∆)−1/2V (m2 −∆)−1/2Π

)r

≤ Tr
(
Π(m2 −∆)−r/2V r (m2 −∆)−r/2Π

)
= Tr

(
V r (m2 −∆)−rΠ

)
,

where we used Araki–Lieb–Thirring inequality for traces:

Tr(BA2B)p ≤ Tr(BpA2pBp), p ≥ 1,

the cyclicity property of the trace, and the fact that the projection Π
commutes with the Laplacian. Using the above identity we obtain
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TrKr ≤ Tr
(

V r (m2 −∆)−rΠ
)

=

∫
S2

V (s)r
∞∑

n=1

2n+1∑
k=1

1
(m2 + n(n + 1))r Y k

n (s)
2dσ

=
1

4π

∞∑
n=1

2n + 1(
m2 + n(n + 1)

)r

∫
S2

V (s)r dσ ≤ 1
4π

m−2(r−1)

r − 1
∥V∥r

Lr .

We can now proceed as in (Lieb 1983). Recall that
H = V 1/2(m2 −∆)−1/2Π. Therefore∫

S2
ρ(s)V (s)dσ =

∫
S2

n∑
j=1

|φj(s)|2V (s)dσ =
n∑

i=1

∥Hψi∥2
L2 ,

where
ψj = (m2 −∆)1/2φj , j = 1, . . . ,n.

The ψj ’s are orthonormal in L2:

(ψi , ψj) = (φi , (m2 −∆)φj) = m2(φi , φj) + (∇φi ,∇φj) = δij ,
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Variational principle gives that
n∑

i=1

∥Hψi∥2
L2 =

n∑
i=1

(Kψi , ψi) ≤
n∑

i=1

λi ,

where λi > 0 are the eigenvalues of K. Therefore∫
S2
ρ(s)V (s)dσ ≤

n∑
i=1

λi ≤ n1/p (TrK r )
1/r

≤ n1/p
(

p − 1
4πm2/(p−1)

)(p−1)/p

∥V∥Lp/(p−1)

= n1/pm−2/p
(

p − 1
4π

)(p−1)/p

∥V∥Lp/(p−1) .

Finally, setting V (x) = ρ(x)p−1 we obtain

∥ρ∥Lp ≤ Bpm−2/pn1/p, where Bp ≤
(

p − 1
4π

)(p−1)/p

.
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Conjecture

cq ≤
(

1
4π

) q−2
2q (q

2

)1/2
∼

√
q

√
1

8π

1) Is it true that

lim
q→∞

cq√
q
=

√
1

8π
.

2) Is there an extremal function on the torus and on the sphere?
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Two main estimates

Ip(m) :=
(p − 1)m2(p−1)

π

∑
n∈Z2

0

1
(m2 + |n|2)p < 1 on T2

Jp(m) := m2(p−1)(p − 1)
∞∑

n=1

2n + 1(
m2 + n(n + 1)

)p < 1 on S2

They model the equality in R2

(p − 1)m2(p−1)

π

∫
R2

dx
(m2 + |x |2)p = 1
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Thank you for your attention
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