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Lieb—Thirring inequaliteis (1976-2023)

We consider the Schrddinger operator

-A-V,
on L(RY). The potential V = V(x) > 0 decays sufficiently fast. We
may assume that V € C3°(RY). The spectrum is the union of the
continuous spectrum [0, co) and (possibly) a discrete part consisting of
negative eigenvalues —\; < 0 possibly accumulating only at zero. In
fact, if V € C5°(RY), then there are finitely many negative eigenvalues.
The Lieb—Thirring inequality bounds the sum of the y-moments of J; in
terms of the suitable L, norm of the potential:

> < L [ Voo
RA

The exponent v + d/2 is uniquely defined by dimensional analysis, and

C i My + 1
Lyg > L= (2m) /Rd“ ~ [y de = (47r)d/2r((1 n d)/z 1)
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The inequality holds for

1
d:1,72§; d=2v>0;, d>3,v>0,
where the inequality in the case d > 3,~v = 0 is the celebrated CLR
inequality.
What is known to date:

3

1 .

L'y,d = LS/,d’ v > >

Lo <Riilly 1<7<
1

L,g< 2R1,1I—§,17d7 ) <y<1

Aol

)

where
Ri1<1.456....

In what follows we shall concentrate on the important special case
v =1
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Theorem
The inequalty

> < L/ VI*92dx  forall 0 <V € Ly q/2(RY)
A<0 R

is equivalent to

N N 1+2/d
SIveirzr [ [ SwlE) o
=1 VAL

for all N and all Lp-orthonormal {1,!),-}/-’\;1 e H'(RY)

in the sense that optimal constants L and K are related by

(-9 (-39

— = = = =TT
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1) = Let {4}, € H'(R?) be orthonormal in L,. Then by the
variational principle

N
Z/ (|V¢/\2 - VWJ/IZ) ax>— > |l > L/ Va2
j=1 R An<0 Rd
or, Sett|ng p(X) = Z;V:‘] |17Z}/(X)|2
N
S IVulE > [ (Vo L oZ)ox
j=1 Re

We maximize the right side by choosing V = (p/(L(1 + d/2)))?/¢ and

obtain N
d/2 )
2> 2/d 142/d
DIV > gyt [
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2) < Let ¢, be normalized eigenfunctions of —A — V corresponding to
negative eigenvalues —\,. Then

=Y 0= X [ (900 = ViaPyak = [ (Ko'20 - V)

2/(2+

d)
Xd/(2+0)

> KX — ( v1+d/2dx>

Rd

where X := [.4 p'72/9dx. We calculate the minimum of the RHS and
obtain

- Z)\n > min <KX — ( vi+d/24x
p X>0 RY

_ (d/2)e d/2/ 14d/2
= & +d/2)1+d/2K RdV ax.

2/(2+d)
> Xd/<2+d)>
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|
A proof of dual LT inequality

Theorem
Let {y;}}L4 € H'(RY) be orthonormal in L. Then

N N
S IVHIE = K [ (o) E o plx =3P
j=1 =1

_ a? 2 ~2/d

Proof. For a positive self-adjoint operator A we define the spectral
projections

Pe = Xsp(a)n[0,£]; P = Xop(A)n(E,0)-
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It follows from the spectral theorem that

A:/ Pe.dE.
0

This especailly clear, if A has an orthonormal basis of eigenfunctions:

A= NGy
j=1

Z )‘jaj =)\ (a1+a2+. .. )+()\2—/\1)(32+33+ / Z a/dE
=1 \E

it follows that

A= / > (L yy)ydE = /PEdE

N>E

For —A on RY we therefore have

—A = / PELdE, PE = X[O,E]v PEL = X(E,oo) =ld - PE.
0
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Given the orthonormal family {wj}j’i1, let I" be the finite rank
orthogonal projection

N
r=> (. v)
j=1
Thanks to the representation of —A

V|2 = (— A, ) = / (P4, 4)dE = / |PL|2dE =
0 0

— /OOO /]Rd |PE4(x)[>dxdE = /Rd /OOO |PL(x)[2dEdx.

Therefore N
S 1wl = [ [ setoded.
= rd Jo
where
N
pe(X) =D [PE(x)2.
j=1
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Now let B be a small ball around a point a € R? with area |B| and let
x 8 be the corresponding characteristic function. Then denoting by
| - |lus the Hilbert=Schmidt norm and using the triangle inequality for it

we obtain

1/2
( / p(x)dx) I xallus < 1T Pexslis + | 7PExslis —

1/2
= [[I"PexBllus + (/BpE(X)dX> .
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Using that I" is bounded (|| I"|| = 1) and then the fact that both x5 and
Pg are projections, we find that

I Pexslds < ||Pexsllds = Tr(Pexs) =

d¢ —d . d/?
_B/ > —|B|(27) 9wy E9/2,
|B| i @0 |B|(27) %wqy

where we used the fact that Pg has the integral kernel
(2r)~ / s (=Y.
§P<E

This gives

([ otran) " < (1812r) 2ug?) ™ 5 ([ petran)

Dividing by |B|'/? and letting |B| — 0 we obtain
p(a)'/? < (2m) V2w PE* + pe(a)' /2,
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Since pg > 0 we have actually shown that for almost every a € R?
_ 1/2 2
pE(a) > (p(a)1/2 - (271') d/2wd/ Ed/4)+.
Integrating with respect to £ we obtain
> o _ 1/2 2
/0 pe(a)dE > /O (p(a)!/2 — (2m) /2! E9/4) o =

a9 [ (1 e 220

d2

p(a)1+2/d(d ) (d+2)

(2m)2wy 7 = p(a) ¥ K.

Finally, integration over R? completes the proof:
N oo
SIvelt= [ [ retoEan= Kk [ o 92ax
j=1 R4 JO Rd
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Remark

The constant K in the Theorem is not the best available to date. For
example, for d = 2 we obtained

N N
[ bxPax < k3D ITaIE o) = S0P
j=1 j=1
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|
d=2,divu=0

Theorem

Suppose that vector functions uy, ..., Un € H&(Q) make up an
orthonormal family in Lp(S2), Q C R?. Suppose that div u; = 0 (or
curlu; = 0) forj=1,..., m. Then the following inequalities hold:

m
/Qp(x)zdx < kS |l curl w|?, if divy; =0,
j=1

m
/Qp(x)zdx < KOS | divyylf?, if curly; =0,
Jj=1

where p(x) = Y-, |uj(x)[? and the best constants k$° and K§** satisfy
the relation

Ko = KB < k = 4Ly 5.
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|
Ladyzhenskaya inequality

For ¢ € H{ (), Q C R? it holds
1112 0y < CLaallIPI V12,
while the LT inequality with N = 1 goes over to
1117, @) < Kl I2 V2.

The value of ¢4 is known
1 1

= i gepa..  an 073
Since clearly k > ¢y,4, it follows that
l1073 k<lR —l-1456
o . e S =on 1’1_27T .
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LT on S?, T9, HY
Theorem

LetM = S? orM = T? = [0, L] x [0, L]. Let {n}N_, € H'(M) be an
orthonormal system of zero-mean functions in L,(M), (v, 1) = 0.
Then p = SN . 4|2 satisfies

N
3
2dm < k 2 k<S_ =0477....
/M Fam< kY IVunlf, k< g5 =0

IfQ C S? and {up}N_, € H}(Q) is an orthonormal system of (tangent)

vector functions in Lp(2) and div u, = 0, then p(x) = SN |un(x)[2
satisfies

N
37
2 2
dS<kE 1 k<——0477
AP = o chr 77/}”” ) 32

= = = - oot
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Remark
IfT2 =T2 =[0,L/a] x [0,L], a < 1, then
k — 5
(6%

If we impose the condition that v,’s satisfy
2m
Yn(xq,t)dt =0 forall xq €[0,27/q],
0

then uniformly with respect to «

N
24y < T 2
/Tipdx_eguwnu.
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Manifold with constant negative curvature

Let HY, d > 2, be the upper half-space
HY = {(x,y): xeRT T, y e Ry}

with the Poincare metric ds? = y~2(dx? + dy?). We consider the
self-adjoint Laplace—Beltrami operator in L2 (Hd , dx—?’)

y
d—1
0 0 02
A= — d* 2-d Y 2 ]

The continuous spectrum of —Aj, covers the half-line

[(d—41)27 OO]_
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Therefore the discrete spectrum {\x} of the Schrédinger operator

_Ah - V7
acting in L? (Hd, d’;a‘,’y) lies below (d — 1)2/4. We write {\} as follows
d—1)2
)\kzu—uk, —pk < 0.

4

Theorem
LetV >0and~ > 1/2. Then

ax d
Z:u”/z < L’y,d /}Hd V(Xay)’y+d/2 ydya

where

Lfyl,d) Y Z 3/27
L,g= R1,1L§ld 1<y <3/2, where, as before, Ri 1 =1.456... .

2R 1Ly 1/2<y <1,
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I
Applications: 2D NS

Berezin—Li&Yau inequalities for the Stokes operator and the LT
inequalities for divergence free orthonormal vector functions make it
possible to write down the estimates for the fractal dimension of the 2D
Navier—Stokes system in the explicit form.

ou+Vyu+Vp—vAu=1f, divu=0, ulpg=0.

Here Q c R2 or Q C S2.

Theorem
0.055 . 2 "o - R2,
. 1 (ko\'"2 |f1Q] v
dimp o/ < — [ =X L ]l R
om \ 2 V2 T
0.062- 12 "o c s2.
We recall that
kLT(RZ) < ! -1.456, kLT(SZ) < 32
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Thank you for your attention
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