Sobolev and spectral inequalities for orthonormal
systems in the theory of attractors |
Berezin—Li&Yau inequalities

AA. llyin

Keldysh Institute of Applied Mathematics
and
Sirius Mathematical Centre

Seminar on International Cooperation in the Field of Dynamics
September 12-22
Lanzhou, China

AA.llyin (IPM) Inequalities for orthonormal systems 13 September, 2023 1/24



I
Berezin inequality (1972)

Let Q c RY with || := vol(Q) < co. The eigenvalue problem for the
Dirichlet Laplacian

— Apn = Angn, 80n|8(§2) =0.

The system {,}2°; € HI() is orthonormal in L»(2).

We extend the ¢,’s by zero to the whole of R? and use the Fourier
transform. For a A > 0 using ||¢n||? = 1, ||[Venl|? = Ap and the
Plancherel identity

NUSUIEDS L NenP=I9enPax = 32 [ (r-ef?)iznfde
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<3 [P dae = [ - i Sl
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We consider the sum 3", |on(€)[2. We interpret it as the sum of the
squared Fourier coefficients of the expansion of the exponential
(2r)~9/%e ’5’( o (where ¢ is a parameter) with respect to the orthonormal
system {gon}n: . By Parseval’s identity, we have pointwise for ¢ € R?

Z len(§) Z |(on(- —d/2glt )LZ(Q)|2
n=1

= [[(27)" 22 g = (2m) 0.

Since
1
2 —d A — €12 _ A1+d/2:Lcl /\1+d/2
@) [ (h=f?) ) d AIH2,
where
Mo+1)

d —d o 2\o _
L, = (2r) /R (160596 = oy

we finally obtain
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Theorem

D (N =)y < L§GATTAR Q)

n

Remark
The constant on the right-hand side is sharp.

Remark
The above proof shows that

ST(A - vn)s < L§gATHI2 |,

n

where v, == ||Vn||?, and {¢n}S, € HY(Q) is an arbitrary system that
is orthonormal in k().
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I
Li—Yau lower bound 1983

Theorem

Let {on}>, € H}(Q) be an arbitrary system that is orthonormal in
Lo(S2). Then

N 2/d
d [(2n)?
oy 9 n1+2/d
ZM IVenl™ = 575 <wdmy N
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Proof. Using the previous notation we have for Fy(&) := Zﬁ:1 1Pn(&)?

N N
- Z/d‘@”@”zdf: Z/ lon(x)[Pdx = N
N
€12 Fn(€)dE = |B(6)12de = Ton(x)Bx = S [Vionl .
/ N / ¥ 1/9 © n§_:1 ©

In addition, Bessel’s inequality gives that

N

Fn(€) =D l(pn(), (2m) =92 () 2

n=1
< [I(2m) "2 |7, ) = (27) 79|92

AA. llyin (IPM) Inequalities for orthonormal systems 13 September, 2023 6/24



We now set " )d 2/d
) m 2/d
M= (wOrIQ\) NS,
so that
N=(ny il [ de= [ Fu(o).
|€]2<A Rd
and write

/ ERFy()de = @m0 [ |ePde+ R,
R |€2<A
where

R=[  |€R(Fu() - (2n)9|Q)de + / ERF(€)de

[€]2<A |€[2>NA

_ /5 o N UEE =M (Fu(e) = (2m) 1) + [ e e 0

[€]2>A
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This finally gives that

N
Venl? = | 1€PFn()d
;H ol /R ERF(€)de

_ d [(2n)?\¥°
> (2m)79Q 2d :( ) N2/
>@n il [ elde= 05 (La

The proof is complete.

Remark

The constant is sharp, since if we take for the p,’s the orthonormal
eigenfunctions, then

o)\ /¢
IVnl? = An ~ (i}d|§)2|> -n?% as n — co.
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-]
Legendre duality

The Berezin upper bound for the Riesz means is equivalent to the

Li—Yau lower bound and the equivalence is realized by the Legendre
transform.

We recall that given a convex increasing function f(\) on R its
Legendre transform is given by

f(v) := sup(Av — f(A)).
A>0
If f(A) < g()), then clearly

f(v) = g(v).
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A straight forward calculation shows that the Legendre transform of a
piecewise linear function

f()‘):Z()\—bn)+, br>0, by <by<---—= o0

n

is a piecewise linear function

B [v]
f(v)=> bn+ {V}bypr, v=[]1+{r}, 0<{v} <1,

n=1

and other way round.

Applying the Legendre transform to both sides of the Berezin
inequality and setting v = N we obtain the Li—Yau inequality. Hence,
the Berezin—Li&Yau inequality.
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|
Stokes operator

Theorem

Let a system of vector functions {un}N_, € H}(Q) be orthonormal

/ Uk(X) : U/(X)dX = 0k
Q

and further letdivu, =0, n=1,... n. Then

N 2/d
Z HVUnH2 > d (277-)0’ / . N1+2/d

“d+2\(d—-1) wylQ '
n=1
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As before we set Fy(&) = Zﬁﬂ |Un(€)|? and as before by Plancherel
N
[ Fu©de =N, [ [€RFu(d = Y Vel
n=1

How about the pointwise estimate for Fy(&)?
Lemma

Fn(€) < (d —1)(2m) 9|0,

The proof is a series of reductions.
We already now that for an arbitrary scalar orthonormal system

N

> 18P < (2m) Q).

n=1
We now show that this inequality holds for a suborthonormal system.
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Definition
A system {pn}N_, is called suborthonormal if

N N
> &) <D IGPF veech,
=1

ij=1

If a system {©n}N_, is suborthonormal, then

N

D 1@n(€)1? < (2m)79Q).

n=1
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In fact, by suborthonormality

0<

N
(R O PR S

k=1 =1

N N
= (2m) N =2 ek + > Bk(€)P1(E) ek, 1)
k=1 K1

(2m) d|Q| Z"Pn

AA. llyin (IPM) Inequalities for orthonormal systems 13 September, 2023 14/24



Next, it is very easy to see that if a system of vector functions {u,,},’)’:1
is orthonormal in L»(£2), then for each j =1, ..., d the scalar family
{uh}N_ is suborthonormal.

We now take into account the divergence free condition and observe
that

€ TUn(e) = € - (2m) /2 / &5 Uy (X)lx

0
= i/ Un(X) - Vxe~ "dx = —i/ e~ div up(x)dx = 0.
Q Q

Let & = (a,0,...,0), a# 0. Then & - Un(¢o) = 0. Hence, U} (¢) = 0 for
n=1...,Nand

d N

N .
Do 1Un(€)P =Y [th(&o)l? < (d - 1)(2m) |9,
n=1

j=2 n=1

The general case reduces to the above special case by an appropriate

rotation.
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Thus, Fn(€) = SN, [Ga(€)|? satisfies
[ Fue)de=n,
Rd

N

[, JFue)de = > [T unl?,
n=1

Fi(e) < (d = 1)(2m) =7

We can now complete the proof of the theorem as in the case of the
Dirichlet Laplacian:

N 2/d
S 1 Vunf2 = 2 (2m)? TR
T =d+2\(d-1) wglQ

n=1
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Remark

The constant is sharp. In fact, for the Stokes eigenvalue problem (at
least in a smooth domain)

—Aux + Vpk = pkU,
divuk = 0, uklon = 0,

IV u|[? = pux and

2/d
2 _ (27T)d . p2/d
IVun||® = pin ((d—1)wd|Q|> n?? asn— .
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-]
Generalizations. Correction terms of subleading order

Theorem
LetQ c R?, |Q| < co. Then

2r o 111910 g .
Z)\n Z 1] Q‘ Q@TN (Dirichlet Laplacian),

_2m,p ., 12390

where1= [, |x|2dx (I = mingege [, [x — al?dx).

It is appropriate to mention here the following result (J.Kelliher). In two
dimensions for a domain with smooth boundary

tn > )\n.
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Generalizations. Dirichlet Laplacian in a domain on
the sphere

Let us consider the 2D unit sphere S? and the suface scalar
Laplace—Beltrami operator

A =divV.

Let Q C S? be an arbitrary (curvilinear) domain on the sphere. We
consider the Dirichlet eigenvalue problem

—Apn = Anpn, @nloa = 0.

Theorem

Z)‘”>|Q|N( Br')

Inequality turns into equality for Q@ = S? and when N is a perfect
square: N = M?.
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Stokes problem in a domain on the sphere

In the vector case we first define the Laplace operator acting on
(tangent) vector fields on S? as the Laplace—de Rham operator
—dé — dd identifying 1-forms and vectors. Then we have

Au = Vdivu — curl curl u,

where the operators V = grad and div have the conventional meaning.
The operator curl of a vector u is a scalar and for a scalar ), curl ¢ is a

vector:
curl U := divu™, curl ¢ := Vi,

where in the local frame ut = (us, —uy).
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The Stokes problem reads
—Auk + VP = pkU,

divug, = 0, uklaa = 0,

Theorem

N

27T 2 N
E > — —.
n=1 = |Q|N ' 2

Inequality turns into equality for Q = S? and when N = M? — 1.
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Thank you for your attention
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