On discrete homoclinic attractors of three-
dimensional diffeomorphisms

We focus in the problem of existence of strange pseudohyperbolic attractors
for three-dimensional diffeomorphisms. Such attractors are genuine in that
sense that each orbit in the attractor has a positive maximal Lyapunov
exponents and this property is robust, 1.e. it holds for all close systems.

For the numeric search of strange attractors we apply bifurcation methods
together with the construction of colored Lyapunov diagrams and saddle
charts.
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E.Lorenz (1963)

Lorenz attractor

Edward Norton Lorenz —
(23.05.1917 — 16.04.2008)

American mathematician and
meteorologist, one of the
founders

of chaos theory, the author of
the expression "butterfly effect",
as well as the creator of

the Lorenz attractor



Lorenz-like attractors

Lorenz-like attractors in three-dimensional H enon-like maps

8D Hénon Maps and Lorenz Attractors 3495

(a) (b)

Fig. 1. Plots of attractors observed numerically for M1 =0, B = 0.7 and (a) M2 = 0.85 or (b) M2 = 0.815. The projections
on the (z,y) variables (in green) and slices near planes of constant z (in blue) are also displayed.

S.V. Gonchenko, I.I. Ovsyannikov, C. Sim’o, D. Turaev. Three-
dimensional H enon-like maps and wild Lorenz-like attractors,
Int.J. Bifurcation and Chaos, 2005, v.15, 3493-3508.



Lorenz-like attractors

Nonholonomic model of a rattleback

stable rotation unstable rotation

om,1,1)

om,1,-1)

(2m,1,-1)

Gonchenko, A. S., and E. A. Samylina. "On the region of existence of a
discrete Lorenz attractor in the nonholonomic model of a Celtic stone."
Radiophysics and Quantum Electronics 62.5 (2019): 369-384.



Bifurcation scenario leading to the appearance of either a discrete
Lorenz attractor or a discrete figure-8 attractor

a ho::noclinic SA
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(C) SA of Lorenz-like shape




Generalized 3D H enon maps

= W= E:B;E+A2+C'y+f(y,z)
(1)

o~

£(0,0) = f(0,0) = 0

0(0,0,0) 1s fixed point of map (1)

The characteristic polynomial at the point O(0, 0, 0) has the form:

k) = A" — AN — CN — B =1



Necessary conditions for existing of

Lorenz-like attractor discrete figure 8-attractor

M<—1, —1<A3<0, A >0, A <1 —1<A3 <0, Ay >0,

a) a)
b) < Ao < 1; b) 12 T
{'.’) /‘\.-_: = |}'L3| C:] /‘\.-3 < |}.5|
{” AlAy < —1. /-\ djl }l])\;; =1, /—\
R L -
(a) AL BL], (a) C>A+B+1,
(0) C{ITBB—-i- (B )l
(c) C‘:}——{. A <1, (c) C{_E{_ A<0.
(d) C>1+AB4 B () ©<~<1-=BA} B
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“Saddle chart” for point 0(0,0,0) with characteristic polinomial
YN =X — AN - C\—B=0 ,B=0.5
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* We restrict attention to study of pseudohyperbolic attractors
that contain only one fixed point.

* We check the nessesary conditions for pseudo-hyperbolicity

Thus, the conditions A, >0, A, + A, + A, < 0 (the attractor is strange) and

A, + N\, >0 (it is pseudohyperbolic) hold here.

______________________________________

i Multipliers of O (-1.345; 0.854; -0.609):
. Lyapunov exp. (0.02; -0.0001; -0.377)
| 6=1149 |

(b) A=-1.1;C=0.85
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Examples of pseudohyperbolic strange attractors in

generalized H’enon maps
Discrete Lorenz attractor

______________________________________

i Multipliers of O (-1.345; 0.854; -0.609):
. Lyapunov exp, (0.02; -0.0001; -0.377)
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(b) A=-—1.1;,C=0.85

Lyapunov exp. (O.QQ; 0.0003; -0.377)

ag= 1 -00 1 4 -,-\.‘:‘W{t!"."-"mﬁ.&

d) A=-1.11; C=0.77

ot/




Discrete figure-8 attractor

. Lyapunov exp. (0.157; -0.149; -0.367)
| Saddle value o =1.136

Cy+Az-1452+0.515yz -y
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Double figure-8 attractor

Multipliers of O (1.985; - 0.878; ~0.287)
Lyapunov exp. (0.34; -0.12; =0.91) |
|
|
|
|

Saddle value o =1.743

Z=05x+Az+Cy-2.

-2.490 =1.80 =1.20 =0.60 0. 00 -2 Z.490 3.00
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Super figure-8 attractor

Multipliers of O (2.697; 0.994; 0.019)
Lyapunov exp. (0.70; =0.12; —0.91) l
'Saddle value o = 2.68 i

X=y,y=z

z=0. 5x+Az+JC'y—zj+y3




Examples of strange quasiattractors in generalized
H’enon maps
Discrete spiral attractor

A1=U.{JS; A2= —0.005;
A=-0.75 A

771, = 1.489
emm® 1, = 0.32+0.48 i
(b) 1,=0.32 - 0,48 i

spiral-point

=00 ¥z
z=05xtAz+Cy+0.527— 62"+ 0.5




Discrete Shil 'nikov spiral attractor
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Chaotic dynamics in the nonholonomic model of Celtic stone

stable rotation unstable rotation

— ~. e
B et it iy

point of contact

* We study the dynamics of a nonholonomic model of the celtic stone (called also as
“rattleback", ““celt" etc) moving on a plane.

* It is well known that such a model allows to answer the main question of the celtic stone
dynamics — the nature of reverse, i.e. a rotational asymmetry, which results in the fact that the
stone can rotate freely in one direction (e.g. clockwise) but “does not want'" to rotate in the
opposite one (counterclockwise). In the latter case it performs several rotations via the inertia,
then stops rotating and starts oscillating after which it switches the rotation direction and finally
continues rotating freely (clockwise).



* The explanation of this phenomenon from the
mathematical point of view seems now to be simple
enough and was given in a series of

papers - by |I.S.Astapov [1980], A.V.Karapetyan
[1981], A.P. Markeev [1981] etc.

* Nevertheless, the celtic stone motion on a plane

is still regarded in mechanics as one of the most
complicated and yet not enough studied type of

the rigid body motion. Moreover, this is one of a few
such kinds of motion in which the chaotic dynamics
was observed.



Equations and integrals

Equations: Integrals:
{i‘f: M X w+mirXx (w X r)+mgrx -, T ;(M:w) i
¥ =Y X &, 7.
M=Tw+mrx(wxTr) (7.7) =1

The stone have form of a elliptic paraboloid
Fr]= . (ﬁ + ﬁ) — (r3+ h) =0,

{11 (19
2 z o
) T Py L")
/1 /2 177 + a273
- : :

ry=—0;—, o= —Gy—, r3=—h >
V3 V3 273
I, cos? 6 + I, sin? 6 (I — Is)cosdsind 0
I = (I — Is)cosdsind I sin?d + Iy cos?8 0
0 0 I3




3D Poincare map

6 equation — 2 integrals => 4D flow => 3D Poincare map.

Poincare map in Andoyer-Deprit variables
(LGQE) G=|w] -

wi = VGE?*— L?sin |,
we = VG? — L2 cos,

Wa = L:

L . :
Y1 = — cosgsinl + sin g cos [,

G

L . :
T2 = 7 Cosgcos [ —singsinl,

L
H(5.l,9) =E 9 -secant

vg = —A/ 1 — (—) Cos ¢.
v G g T = ‘?:!l]'{}(m): €Tr = (Eé) ]

0<l<2r,-1<L/G<1



Regular dynamics. Reverse and periodical motion

w,

Reverse effect.
E > FE" = 1300

Stable regime — state of h
equilibrium ] |

E=FE" = 1300
Andronov-Hopf
bifurcation.

E < E* = 1300
Stable regime — limit
cycle

Iy=5,1,=6,I3=7,m= 1,92100,!’11:9,&2:4,}1:1,(520.2



Examples of Celtic stone chaotic dynamics

g & H/G| (2.003837, 1,1
1) I (2.00383m,1,1) ( o thoel)

Spiral attractor

((}'ﬁe ) _1)
(2.003837,
Spiral repeller i T
P P a1 (0.00383143x, 1, —1)
- H/G(2.003837, 41,1) : (27, -1,1) Chaotic tori
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(2m,1,1) ' (0w, #1,1)
: | ~3.21) r : a or,—1,—1
(2.00383, Ty ir (2m,1,-1) 1 (0m, =1, —1)
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Chaotic dynamics. Spiral attractor of Shil’'nikov.

Attractor appears due to e
bifurcation of stable e
state of equilibrium
(vertical spin)

(2003837, —1,1}

(oD3SITTE=L_ | o
Saddle focus is part of this (0.003851437.1, 1)
attractor )

Spectrum of Lapunov
exponents is

Ay = 0.1992, A, = 0.0000, A3 = —0.2072



Chaotic dynamics. Attractor of Lorenz type.

Visually observed attractor is
very similar to Lorenz
attractor from flow system

Spectrum of Lapunov

exponents E =752, 0 = 0.458

Ay = 0.0202, Ay, = 0.0000, A3 = —0.1925

I=2,1,=6,I3=7,m= 1,92100,&129,&2:4,]1:1



Lorenz-like attractors in the Celtic stone dynamics

om,1,1)

(om,1,-1)

(a) (b)

(a) Lorenz-like attractor for E=E*=752 in the celtic stone model
(about 10000 iterations of some initial point are shown); b) the
projection of the Lorenz attractor from the Lorenz model onto the
(x,z)-plane.



Pseudo-hyperbolic SA

Lorenz-like attractors are a subclass of pseudo-hyperbolic attractors. A
theory of pseudo-hyperbolic attractors was built by Turaev and Shilnikov
[1998,2008]

The pseudo-hyperbolicity means that the following properties hold:

1) there are directions in which the dynamical system (a flow or a
diffeomorphism) is strongly contracting ("strongly" means that any
possible contraction in transverse directions is always strictly weaker);

2) transverse to the contracting directions the system is volume-
expanding (i.e. the volume is stretched exponentially).

Def. A pseudohyperbolic attractor is a stable, chain-transitive, compact,
invariant set which carries a uniformly pseudo-hyperbolic structure.



We check the nessesary conditions for pseudo-hyperbolicity

For the attractor A at E = 752 the spectrum of the Lyapunov

exponents was obtained as follows:
A1 =0.0248; A3 =-0.2445; 0.00007 < A2 < 0.00015.

Thus, the conditions A1 >0, A1+ A2 + A3 <0 (the attractor is strange)
and A1 + A2 >0 (it is pseudohyperbolic) hold here.



The dependency of the maximal exponent A1 for some range of the
parameter E containing the value E* =752
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Main stages of when creation (this page) and
destruction (next page) of the attractor A .

d) E = 748.5 e) E=T750 f) =750



0.67

0.631733 0.647059 0.662385

0.616407

a9

0.6

0622503 0646658 0670813

0598348

T 12562m T163m

1 20038m

1.08824m 1.235
a) E=754
o P P -
i L. = IR R
T T T
1.06776m 1. 11669 1.16563m 1.21457m 1.263

d) E= 770

0,644025 0661862

26189

0,62

0608352

0.68

0.620554 0.640978 0.661402

0.60013

T T
112651 1.16563m

T
1,.20476m

1.08738™ 1.243
i e
o .
1,08287n NPT Ti727sm T 217600 1.262

e) E=775

0.

0622503 0646658 0,670813

0,598348

072

nD621629 0.657477 0693326

0.58578

1.06776™

T 11e60m T 16s63m

c) E=765

214570

1.26%

1.05054m

T
1.107n

f) E=780

T 16346m

V219021

1.27¢



OLEH

DEZTEES

DLESEZEE
i

LR D=
i

PR e
i

Pictures: (a) unstable separatrices; (b) iterations of a
single point (E =E* =752)
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This map can be viewed as a small perturbation of the
time-one shift map along the orbits of the Lorenz system.

[llustrations of main bifurcations (Lorenz case)




On bifurcations of emergence of discrete Lorenz-like
attractors in 3d maps with axial symmetry



Scenario of emergence of Lorenz attractor




Scenario of emergence of discrete Lorenz-like attractor




Discrete Lorenz-like attractors in 3d maps
with axial symmetry

To: T=y, J=ric+y+yz, Z=u1z+ay

a=*l1, v,v v, are parameters
0(0,0,0) is always the fixed point of the map.
System is invariant under the following coordinate change:

r— -, Y——Y, Z—22=Z
that is called the axial symmetry.

The Jacobian J of the map is constant:
J=-v v,



d)v,=1.783 €e)v,=1.801

a=+1,v,=08, v =-10/16,/=0.5



d)v =1.767

a=-1,v,=08, v=-10/16,J=0.5




On strange attractors in three-
dimensional nonorientable Henon maps



Introduction

* Consider generalized 3D Henon Map
X=y,y=2z,Z=Bx+Az+Cy+gl(y,z) 2(0,0)=g'(0,0)=0 (1)

* B is the Jacobian of the map

* Consider case when B<(

* Point 0(0,0,0) is a fixed point



Research goal

* Look for homoclinic attractors
(containing only one fixed point O).

* When SA is pseudohyperbolic, then

the Lyapunov Exponents 4 , 4, 4, of the
attractor satisfy the following conditions:

A>0,A4+4,>0,4 +4,+4,<0 (2



Research methods

Apply two bifurcation methods together:
* Colored Lyapunov Diagrams:

Consider (A, C)-parameters plain of the map
(1) with fixed value of parameter B

Condition (2) must be satisfied

As we look for homoclinic attractors than point
0(0,0,0) must belongs to attractors, (numerically,

we require the distance < 10'4)

Such areas we paint dark gray color



Research methods

 Saddle charts:

- Also consider (4, C)-parameters plain of

the map (1) with fixed value of
parameter B

- Exemine the characteristic polynomial of
(1) at the point O(0, 0, 0):

v(1)=A>-A42’~CAi—B (3)

- This method decomposes the parameter
space into domains corresponding to

different types of point O



Saddle charts (at B O 5)

an 3
S |

nonorient




What we found

* Nonoriented «Slim» Lorenz attractor
* Nonoriented figure-8 attractor
* Nonoriented spiral attractor

* Nonoriented Shilnikov attractor

* Nonoriented double figure-8 attractor



Bifurcation scenarios for nonorientable discrete attractors
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Nonoriented discrete Lorenz attractors (*Slim”)
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a) discrete LA (orient.) b) «slim» discrete LA
(nonorient), snLA domain



Nonoriented discrete figure-8 attractors

mult. of & e T mult. of o

¢) homoclinic wedges



Bifurcation scenarios for Shilnikov
discrete attractors (orientable and
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Nonoriented “Slim” Lorenz attractor

X=y,y=2z,Z=Bx+ Az+Cy—0.54y’ +0.54z’+1.5yz




Nonoriented figure-8 attractor

X=y,y=z,z2=Bx+Az+Cy— 1.3y2-l—2.7z3-|— 12.5yz-|—2.2z2




Nonoriented spiral attractor

X=y,y=z, Z:Bx-l—Az-I—Cy—y3—1.SZy




Nonoriented Shilnikov attractor

X=y,y=2z,Z=Bx+ Az+Cy—2y’—1.252"




Other nonorientable SA

Double figure-8 SA Spiral-Lorenz SA



Period-2 attractors

X=y,y=z, Z=Bx-|-Az-|-Cy—Z2

Period-1 attractors for orientable 3d maps




* Thank you.
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